210 eTTéueva Bewpoupue 6Tl 6Aa oupPaivouv o€ éva Xwpo TavoeTnTag (Q, F, P).

Modes of convergence: O1 TpéTT0I 0UYKAIONG MIOG akoAouBiag T.j. {Xn}nZl O€ MIA T.J.

X €ivai ol €€A¢:

1.

loxupr ouykAion — strong convergence
X 255X o P{lim X, = x}=1.

nN—oo

2. ZUykAion wg TTpog mlavéTnTa — convergence in probability
X, X & imP{X, - X|2 e} =0 limP{|X, - X| <&} =1, Ve >0.
3. L?—3Suykhion — L — convergence
X, —E X e imB{|X, - X["| =0, 0< p<oo.
4. ZUykAion wg 1Tpog vouo (f katd katavoun) — convergence in probability law (in
distribution)
X,—35 X & limF, (x)=F, (), xeR.
Mpétaon:
Xn a.s. X
U

X, L5 X=X, Pox=x, 95X

Oa d¢icoupe OTI

1
2.
3

4.

X, 5 X = X, —P5 X
X 88, X = X —PsX

X —Pyx =X, 95X

1. lim P{|xn—x|25}sip|imE{|xn—x|"}=o

n—oo

&g NH»

2. 'Exoupe 61 X, 235 X < P{|Xn—X|23, i.o.}:O,Vg>0.

©¢toupe B, ={|X, - X|2 ¢}, 61

n—o

limP(B,)<limP(J, (B))=P

lim J, (B)) = P(inf {J, (B):n>1})

n—o (naw
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= P[Iimsup Bn): P{X,=X|z & iof=0=limP{X,-X[2¢}=0,vVe>0

3. loxuer om { X, < x} < {X, +&< X <Xx+¢&} T0 TeEAeUTaio eVOEXOHEVO, Eival N TOUR TwV

evdexopévwy { X < x+¢&} Kkai {X — X > ¢}, kail €101 £xoupie

{X, <X} c{X <x+e}U{X =X, >¢e} mou divel

P{X,<x}<P{X <x+&}+P{X =X, >e} <P{X<x+&}+P{X =X |>¢},

n oTl
Fe (X)<Fy (x+&)+ P{|x —xn|>g}.

Maipvovtag 1o limsup Tng Tponyoupevng oxEong, Kail ETTEIdN

n—oo

n—ow

limsup P{|X = X,|> &} =limP{|X - X,|> &} =0, éxoupe

limsup Fy (x)<Fy (x+¢)

n—oo
lox0e 011 {X <x—&} < {X +&< X, <X} T0 TeAeuTaiO EVBEXOUEVO, Eival N TOWI TWV
evdexopévwy { X, —x> ¢} kat { X, < x}, kot €701 éxoupe

{X <x-¢g}c{X, <x}u{X,-X >¢} mou divel
P{X <x—g}<P{X, <x}+P{X, =X >} <P{X, <x}+P{X =X, |>¢}.

Maipvovtag 1o liminf Tng Trponyouuevng oxéong, Kai €TTEIdN

liminf P{|X = X,|>¢&}=1limP{|X =X | >} =0, éxoupe

n—oo n—oo

Fy (x—&)<liminf F, (x).

nN—oo

2UVOAIKG AoITTov

Fy (x—¢)<liminf F, (x)<limsupF, (x)<F,(x+¢),

n—oo N—o0

Kal av To X gival onueio ouvéxelag ing F, , Ba éxoupe

Fy (x)<liminf Fy (x)<limsup Fy. (X)<Fy(x).
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AnAadh liminf F, (x)=F, (x)=limsupF, (x) i om limF, (x)=F, (x).

n—oo

Lemma: X, PiX asnow implies X, — X, —P50as n,m — oo, or equivalently

limP{|X - X,|>&}=0, Ve>0= limP{|X, - X |>&} =0, V&>0.

n—oo n—oo
m—oo

{(Xp=X,|> e} ={| X, = X]+]X, = X|2|X,, = X,| > &} ={|X,, = X| +]X, = X| > £}

g{|Xm—X|>g}u{|Xn—X|>§}, Ve >0.

Taking probabilities P{|X - X,|> 5} {|X - X|> }-i— P{|X - X|> } and then

the limit as n,m — o gives

lim P{|X, - X |>g}<||mP{|X - X|> }+I|mP{|X - X|> }

= lim P{|X,, - X,|>&} =0, V& >0= X, - X, —0.

Remark: The latter lemma tells us that if a sequence of r.v.s converges in probability
then it is Cauchy in probability. The converse is also true (theorems 4, 5, and, 6 Shiryaev
AN p 259).

Theorem (Protter P, Jacod J Probability Essentials p 143)

anx@limE{M}:
o | 14| X, = X]|

: X
W.l.o.g. it suffices to show that Xn—P>O<:>I|mE{1| |)“<| |}:0.
n—w + n

(o) Xl _ 1Xd
L+[X,| 1+]X,|

1{|xn|>g}+1+|>“(n|1{|xn|35}
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X
When ¢ >1 itis always true that | | | | <¢.When 0< ¢ <1 we have

1% 55©|xn|gi which is true for |X |<& as g<—2
1+]X,| 1-¢ -
Therefore 1% [, |

TeX,] Ty et & i) Sdpe 4

L <P{|X,|>¢e}+e=IimE Pl <limP{|X,|>¢}+e
1+[X,| N> o

+| nN—oo

Because X, —P 50 we have lim P{|X |>g} 0 and IimE{ |X |

—}<8 Ve>0
n—oo +| |
= IimE{M}:O.

e | 14X, |

. X
(<) The function f () :mT then f (&)1, , <f (|Xn|)l{‘xn‘>g} < f(]X,])

Taking expectations and then limits yields

nN—oo

f(&)limP{|X,[> &} <lim f (|X,[)=0= X, 0.

n—o

Exercise: Let f :R" — R" be increasing, bounded, and continuous with f (O) =0, then
X,— X < limE{ f (X, - X]|)} =

W.l.0.g. it suffices to show that X, —>50 <> lim E{ f (|Xn|)} =

(=) 0<f([X,[)="1 (|Xn|)1{\x b (1%, |) (Xol<s)

(|X |) Xl T f (8)1{‘Xn‘§g} < Ml{\xn\>g} +f (8), f (X)S M <o, x>0.

Taking expectations and then limits yields

n—oo

0<limBE{f (|X,[)} <M lImP{|X,|>e}+f ()= f(s).
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Then taking the limit as & 4 0 gives 0< IimE{f (|Xn|)}£ f(0+)=0.

n—oo

(<) The function f(x)T then f (3)1{‘Xn‘>g} < f (|Xn|)1{‘xn‘>g} < f(X,])-
Taking expectations and then limits yields

f(e)limP{|X,[> s} <lim f (|X,[)=0= X, 0.

n—oo

Observe that: The functions f (x) :ﬁ, f(x)=xaland f(x)=arctan(x) are
+

increasing, bounded, and continuous with f (0)=0.

Exercise: Show that if Xn—P>X and Yn—P>Y as N — o, then Xn+Yn—P>X +Y as
n—o.

(X0 +Y) = (X +Y)| > e} ={|X, = X[+ ]¥, =Y [2|(X, +Y,) = (X +Y)|> £}

g{|Xn—X|+|Yn—Y|>g}<;{|xn—X|>£}u{|Yn—Y|>£}, Ve >0.
2 2

Taking probabilities and then the limit as n — o gives

P{(X,+Y,)- (X+Y)|>g}<P{|X - X|> }+P{|Y ~Y|> }

nN—o0 nN—o0 nN—oo

= limP{|(X,+Y,)- (X+Y)|>g}<||mP{|X ~X]|> }+I|mP{|Y ~Y|> }

= limP{|(X, +Y,)=(X +Y)|> £} =0, Ve > 0= X, +Y,—E> X +Y .

n—oo
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Different types of convergence have different types of limits for the
same sequence (X, ),=1. Assume (X, ),>; converges simultaneously P-
a.s., in probability, and in L'~ , L?-norms. Denote for a definiteness by
X, X?, X', and X" the limits respectivelv. A remarkable fact is given
below.

Lemma 2.1.
P(X=X"=X'=X")=1
Proof. It suffices to show that P(X # XP) = 0. Write
P(X#X")=P(|]X - X?| > 0)
and notice that P(|X — X* | > }j = lim._o P(|-
X,—X| —=0 also I(|X,- X

so, by taking the expectation \ﬁ,c, find that P(|X, — X| > 5) — 0. The
use now the triangular inequality | X — X Xo| + [ Xn — X7
for any £ = 0 provides

| = £). On the

. =y P—ua.s.
other hand, since > 5) —— Oand
f— o0

P(IX—-X7| >¢) < P(|X _Yﬂ|>£) (Xﬂ—XpI:;E)mD

g) = 0

g

b2 |

and, thus, lim._q P(|X

Assume that a sequence of r.v.s {Xn}nZl have simultaneously a P —a.s. limit X , a limit
in probability X”, a L* limit X® and a L? limit X?. Then

X=XP=x"=x® p-as.

We show that P{X = XP}:1<:> P{X # XP} =0 P{|X —XP|>0} =0. We observe

that P{|X —XP|>O}: lim P{|X —XP|>8}.TO see that, let ¢ 4 0 as, n — o and

>0+

“x-xpa) |
= limP{|X - X |> 0} = P(ﬁlﬂx—XP|>gn}j:P{|X—XP|>O}:O

n=

X=XP|>5,26, ) X -X"|>5,.}= A,

But P{|X —XP|>gn}£ P{|XP - 2‘}+ P{|X —Xn|>%”}, then by taking the limit

as n— o we have P{|X—XP|>O}=O.
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