
Κεφάλαιο 4ο: Γραµµική Άλγεβρα

ΌpwV  xέroum¶  έnaV  pίnakaV  ¶isάg¶tai  ¶ίt¶  m¶  ta  stoic¶ίa  tou  ¶ίt¶  m¶  crήsh  thV  Table ¶ίt¶

m¶ crήsh thV Array.

a = 881, 3, 2<, 84, 0, −1<<
b = Table@i^j, 8i, 3<, 8j, −1, 2<D
c = Array@#1^#2 &, 83, 4<D

881, 3, 2<, 84, 0, −1<<

981, 1, 1, 1<, 9 1
cccc
2
, 1, 2, 4=, 9 1

cccc
3
, 1, 3, 9==

881, 1, 1, 1<, 82, 4, 8, 16<, 83, 9, 27, 81<<

To  Array[#1^#2&,{3,4}]  parάg¶i  3  grammέV  m¶  4  stήl¶V  kai  stoic¶ίa  a@i, jD = i j.   Gia  na  parάgoum¶

akribώV to b qά prέp¶i na grάyoum¶ 

Clear@cD
c = Array@#1^#2 &, 83, 4<, 81, −1<D

981, 1, 1, 1<, 9 1
cccc
2
, 1, 2, 4=, 9 1

cccc
3
, 1, 3, 9==

To {1,-1}sta dexiά shmaίn¶i όti h prώth sunt¶tagmέnh x¶kinά¶i m¶ to 1 kai h d¶ύt¶rh m¶ to -1. P.c

Clear@cD
c = Array@d, 83, 4<, 81, −1<D

88d@1, −1D, d@1, 0D, d@1, 1D, d@1, 2D<,
8d@2, −1D, d@2, 0D, d@2, 1D, d@2, 2D<,
8d@3, −1D, d@3, 0D, d@3, 1D, d@3, 2D<<

Fusikά, antί thV Array mporoύm¶ na
crhsimopoiήsoum¶ thn Table s¶ kάq¶ p¶rίptwsh.
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4.1 Baqmίda dianusmάtwn kai baqmίda (tάxh) pίnaka
Baqmίda  twn  dianusmάtwn  v1, v2, ..., vn onomάzoume  thn  diάstash  tou  grammikoύ  cώrou  pou
parάgetai  apo  touV  grammikoύV  sunduasmoύV  twn  dianusmάtwn  autώn.  Gia  na  broύm¶  thn  baqmίda
kάpoiwn dianusmάtwn ¶kt¶loύm¶ stoic¶iώd¶iV grammoprάx¶iV ston pίnaka me grammέV ta dianύsmata
autά(metάqesh,  prόsqesh  ήajaίresh   kάpoiaV  grammήV  se  mia  άllh  k.o.k)  έtsi  ώst¶  oi  t¶l¶utaί¶V
grammέV  na  gίnoun  mhd¶nikέV  kai  kάqe  mh  mhdenikήgrammήna  xekinάei  me  monάda-  thn  monάda  odhgό.  Oi
grammoprάx¶iV ¶kt¶loύntai m¶ thn sunάrthsh RowReduce.  To plήqoV twn mh mhdenikώn grammώn pou
prokύptoun eίnai h zhtoύmenh baqmίda.

RowReduce@aD
RowReduce@bD

991, 0, −
1
cccc
4
=, 90, 1,

3
cccc
4
==

881, 0, 0, 6<, 80, 1, 0, −11<, 80, 0, 1, 6<<

Den  emjanίzontai  mhdenikέV  grammέV.  H  baqmίda  touV  eίnai  ίsh  me  3.   Άra  kai  stiV  dύo  p¶riptώs¶iV
έcoum¶  an¶xάrthta  dianύsmata stiV  grammέV  twn  a,b.   An  prosqέsoum¶  sthn  a to  diάnusma  {2,6,4}
tόt¶ cάn¶tai h gram. an¶xarthsίa:

d = Append@a, 82, 6, 4<D
d êê MatrixForm
RowReduce@dD

881, 3, 2<, 84, 0, −1<, 82, 6, 4<<

i

k

jjjjjjj
1 3 2
4 0 −1
2 6 4

y

{

zzzzzzz

991, 0, −
1
cccc
4
=, 90, 1, 3

cccc
4
=, 80, 0, 0<=

H  mhdenikήgrammήdeίcnei  thn  grmmikήexάrthsh  twn  grammώn  tou  pίnaka  d  (h  trίth  grammήeίnai  2
jorέV thn  1h)

H  tάxh   enόV  pίnaka  d  ¶ίnai  ίsh  m¶  to  plήqoV  twn  mh  mhd¶nikώn  grammώn  tou  RowReduce[d].  Sthn
p¶rίptwsh maV loipόn ¶ίnai ίsh m¶ 2.  Άra  mόno duo ap'autέV tiV gramm¶V ¶ίnai gr. an¶xάrtht¶V.

Parάd¶igma: Dίn¶tai έnaV 5Χ5 pίnakaV a m¶ grammέV 

Linear_Algebra.nb 2



x = 81, 2, −1, 0, 1<; y = 82, 1, 0, 1, 3<; z = 80, 3, −2, −1, −1<;
t = 82, 4, −2, 0, 2<; s = 84, 5, −2, 1, 5<;

Diapistώs¶t¶  όti  oi  grammέV  ¶ίnai  gr.  ¶xarthmέn¶V  kai  sthn  sunέc¶ia  na  br¶q¶ί  έnaV  mh  mhdenikόV
grammikόV sunduasmόV touV pou na maV dίn¶i to mhd¶nikό diάnusma. 

Lύsh:  Qa  crhsimopoiήsoum¶  thn  RowReduce  gia  na  doύm¶  όti  ¶ίnai  gr.  ¶xarthmέna  kai  sthn
sunέc¶ia  thn  Reduce  ήthn  LinearSolve  gia  na  lύsoum¶  to  sύsthma  a.w=={0,0,0,0,0}.  H
Reduce[¶xisώs,m¶tabl] aplopoi¶ί tiV ¶xisώs(oi ¶xisώs mpor¶ί na p¶rilambάnoun kai anisώs¶iV) wV
proV  tiV  m¶tabl.  Oi  ¶xisώs¶iV  pou  prokύptoun  ¶ίnai  isodύnam¶V  m¶  tiV  arcikέV.  H
Reduce[¶xisώs,m¶tabl,p¶dίo] p¶riorίz¶i thn aplopoίhsh sto p¶dίo(p.c p¶dίo=Integers)

Clear@aD; a = 8x, y, z, t, s<; RowReduce@aD

991, 0,
1
cccc
3
,

2
cccc
3
,

5
cccc
3
=, 90, 1, −

2
cccc
3
, −

1
cccc
3
, −

1
cccc
3
=,

80, 0, 0, 0, 0<, 80, 0, 0, 0, 0<, 80, 0, 0, 0, 0<=

Άra ¶ίnai gr. ¶xarthmέneV kai h tάxh tou pίnaka  a ¶ίnai ίsh m¶ 2

Reduce@w0 x + w1 y + w2 z + w3 t + w4 s m 0, 8w0, w1, w2, w3, w4<D

w0 == −2 Hw2 + w3 + w4L && w1 == w2 − w4

Όmoia m¶ thn crήsh thV LinearSolve

LinearSolve@a, 80, 0, 0, 0, 0<D

80, 0, 0, 0, 0<

Parathroύm¶ thn diajorά. H LinearSolve maV έdws¶ mόno mίa lύsh, thn mhdenikή!

4.2 Grammikά sustήmata 
Έstw  όti   έcoum¶  έna  grammikό  sύsthma  thV  morjήV  A.C=B όpou   A  ¶ίnai  έnaV  mΧn pίnakaV  kai  B
¶ίnai  έnaV  mΧ1 pίnakaV.  To  m eίnai  to  plήqoV  twn  exisώsewn  kai  to  n  twn  agnώstwn.   Gia  na  έc¶i
lύsh qa prέp¶i h tάxh tou A na ¶ίnai ίsh m¶ thn tάxh tou ¶pauxhmέnou pίnaka (A|B).
p.c gia to sύsthma -2x+y+z=1, x-2y+z=-2, x+y-2z=4 έcoum¶:
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A = 88−2, 1, 1<,
81, −2, 1<,

81, 1, −2<<; B = 81, −2, 4<;
epayx = 88−2, 1, 1, 1<, 81, −2, 1, −2<, 81, 1, −2, 4<<
RowReduce@AD
RowReduce@epayxD

88−2, 1, 1, 1<, 81, −2, 1, −2<, 81, 1, −2, 4<<

881, 0, −1<, 80, 1, −1<, 80, 0, 0<<

881, 0, −1, 0<, 80, 1, −1, 0<, 80, 0, 0, 1<<

Parathroύm¶ όti oi dύo pίnak¶V d¶n έcoun thn ίdia baqmίda(tάxh) άra to sύsthma ¶ίnai adύnaton. 

Autό mproroύm¶ na ton diapistώsoum¶ kai m¶ άllo trόpo: ZhtώntaV m¶ thn LinearSolve  na lύsei to
sύsthma:

LinearSolve@A, BD

— LinearSolve::nosol :  Linear equation encountered which has no solution.

LinearSolve@88−2, 1, 1<, 81, −2, 1<, 81, 1, −2<<, 81, −2, 4<D

Eidikά  sthn  p¶rίptwsh  pou  o  A  ¶ίnai  έnaV  t¶tragwnikόV  pίnakV  tόt¶  upάrc¶i  h  p¶rίptwsh  miaV  kai

monadikήV  lύshV.  Autό  qa  sumb¶ί  όtan   o  A  kai  o  ¶pauxhmέnoV  έcoun  tάxh  akribώV  ish  m¶  thn
diάstash tou A dhl. m¶ to plήqoV grammώn tou. Bέbaia gia t¶tragwnikoύV A upάrc¶i kai to kritήrio
thV ourίzousaV: Άn h det[A] ¶ίnai mh mhd¶nikήtόt¶ kάq¶ grammikό sύsthma A.C=B έc¶i όpwV xέroum¶

mia monadikή lύsh thn C = A-1 B. P.c o pίnakaV 
i

k

jjjjjjj
2 −1 3
1 3 −2

−1 11 −12

y

{

zzzzzzzd¶n ¶ίnai antistrέyimoV:  

Clear@AD

A =
i

k

jjjjjjj
2 −1 3
1 3 −2

−1 11 −12

y

{

zzzzzzz; Det@AD

0

opόt¶ έna opoiodήpot¶ sύsthma m¶ pίnaka sunt¶l¶stώn ton A p.c A.X=
i

k

jjjjjjj
1
2
4

y

{

zzzzzzzd¶n έc¶i monadikήlύsh:
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Clear@x, y, zD
Reduce@A.8x, y, z< m 81, 2, 4<, 8x, y, z<D

x ==
1
cccc
7

H5 − 7 zL && y ==
1
cccc
7

H3 + 7 zL

Solve@A.8x, y, z< m 81, 2, 4<, 8x, y, z<D

— Solve::svars :  Equations may not give solutions for all "solve" variables.

99x →
5
cccc
7

− z, y →
3
cccc
7

+ z==

H Solve kai h Reduce eίnai scetikέV. H Reduce genikά upertereί diόti brίskei όleV tiV dunatέV lύseiV.

Άskhsh: Na jtiacteί mia sunάrthsh epayxhmenosMatrix[m_List,k_list] όpou m kai k eίnai dύo pίnakeV
kai  pou  qa  epistrέjei  ton  epauxhmέno  pίnaka  touV  dhl.  ton   pίnaka  m ston  opoίo  έcoume  episunάyei
sta  dexίa  twn  sthlώn  tou,  tiV  stήleV  tou  k.  Upόdeixh.  Crhsimopoieίste  katάllhla  thn  sunάrthsh
Append. 

4.3 Oi IdiotimέV kai ta idioduanύsmata ¶nόV pίnaka
Gia  na  broύm¶  ta  idioduanύsmata  ¶nόV  t¶tragwnikoύ  pίnaka  A  qa  prέp¶i  prώta  na  broύm¶  tiV
idiotimέV  tou  dhl.  tiV  rίz¶V  tou  carathristikoύ  poluwnύmou  tou  A.  X¶kinάm¶  m¶  έna  parάd¶igma.

Έstw  A=
i

k

jjjjjjj
3 −2 0

−2 3 0
0 0 5

y

{

zzzzzzz.Tόt¶  to  carakthristikό  poluώnumo  tou  ¶ίnai  ίso  m¶  Det[A-x  Identity-

Matrix[3]] όpou to IdentityMatrix[3]] ¶ίnai o tautotikόV pίnakaV 3Χ3

Clear@AD

A =
i

k

jjjjjjj
3 −2 0

−2 3 0
0 0 5

y

{

zzzzzzz

charPoly = Det@A − x IdentityMatrix@3DD
idiotimes = Solve@charPoly m 0, xD

883, −2, 0<, 8−2, 3, 0<, 80, 0, 5<<

25 − 35 x + 11 x2 − x3

88x → 1<, 8x → 5<, 8x → 5<<
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M¶ άlla lόgia έcoum¶ dύo idiotimέV thn r1 = 5kai thn r2 = 1pollaplόthtaV 2 kai 1 antίstoica.
ΈnaV pio ¶ύkoloV trόpoV na brίskoum¶ tiV idiotimέV ¶ίnai m¶ thn crήsh thV Eigenvalues:

Eigenvalues@AD

81, 5, 5<

Gia na broύm¶ mia lίsta m¶ ta antίstoica idioduanύsmata qa crhsimopoiήsoum¶ thn Eigenvectors:

Eigenvectors@AD

881, 1, 0<, 80, 0, 1<, 8−1, 1, 0<<

To  prόblhma  m¶  thn  Eigenvector  ¶ίnai  όti  d¶n  mporoύm¶  na  ¶ntopίsoum¶  apo  thn  apάnthsh  poiά
idioduanύsmata antistoicoύn s¶ mia idiotimή. Gia autό to lόgo qa crhsimopoiήsoum¶ thn NullSpace.
H NullSpace[m] maV dίn¶i thn bάsh tou cώrou twn lύs¶wn tou omog¶noύV sustήmatoV m.X=0. Opόt¶

m¶  NullSpace[A-lIdentityMatrix[n]]  (όpou  n  h  diάstash  tou  A)  paίrnoum¶   mia  bάsh  gia  ta
idionύsmata pou antistoicoύn sthn idiotimήl  p.c. 

bashΙdioxwroy@5D = NullSpace@A − 5 IdentityMatrix@3DD
bashΙdioxwroy@1D = NullSpace@A − 1 IdentityMatrix@3DD

880, 0, 1<, 8−1, 1, 0<<

881, 1, 0<<

Dhl. mia bάsh tou idocώrou (tou cώrou twn  idiodianusmάtwn)pou antistoic¶ί sthn l=5 ¶ίnai h  {{0,
0, 1}, {-1, 1, 0}} kai mia bάsh  tou idocώrou pou antistoic¶ί sthn l=1 ¶ίnai h {{1,1,0}}. T¶l¶iώnoum¶

thn ¶nόthta m¶ to anajέroum¶ όti m¶ thn sunάrthsh CharacteristcPolynomial mporoύm¶ cwrίV kόpo na
broύm¶ to carakthristikό poluώnumo:

Clear@tD
CharacteristicPolynomial@A, tD

25 − 35 t + 11 t2 − t3
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4.4 H diagwnopoίhsh ¶nόV t¶tragwnikoύ pίnaka 
H diagwnopoίhsh ¶nόV pίnaka A έc¶i scέsh m¶ tiV idiotimέV tou kai m¶ touV antίstoicouV idiόcwrouV.
Eίnai  gnwstό  apo  thn  q¶wrίa  όti  o  A  diagwnopoi¶ίtai  (dhl.  upάrcei  έnaV  antistrέyimoV  pίnakaV  P
kai έnaV diagώnioV D έtsi   ώste  D=Invrse[P].A.P) ann h pollaplόthta  thV opoiasdήpote idiotimήV l
tou  A  sumpίpt¶i  m¶  thn  diάstash  tou  antίstoicou  idiocώrou  thV.   Άn  kάti  tέtoiο  iscύ¶i  tόt¶   o  A
diagwnopoi¶ίtai kai o D  έc¶i  sthn diagώnio tiV idiotimέV kai o P έcei stiV stήleV tou ta antίstoica
idioduanύsmata p.c

P1 = Eigenvectors@AD
P = Transpose@P1D
Inverse@PD
diagwnios = Inverse@PD.A.P êê MatrixForm

881, 1, 0<, 80, 0, 1<, 8−1, 1, 0<<

881, 0, −1<, 81, 0, 1<, 80, 1, 0<<

99 1
cccc
2
,

1
cccc
2
, 0=, 80, 0, 1<, 9−

1
cccc
2
,

1
cccc
2
, 0==

i

k

jjjjjjj
1 0 0
0 5 0
0 0 5

y

{

zzzzzzz

M¶ thn ¶ukairίa na anajέroum¶ όti h DiagonalMatrix[d]dίn¶i έna diagώnio pίnaka m¶ diagώnio d. p.c

DiagonalMatrix@Eigenvalues@ADD êê MatrixForm

i

k

jjjjjjj
1 0 0
0 5 0
0 0 5

y

{

zzzzzzz

O  antistrέyimoV  pίnakaV  P  me  thn  idiόthta  P.diagwnios.Inverse[P]=A  den  upάrcei  pάnta  για  κάθε
πίνακα  Α.  Autό  pou  eίnai  gnwstό  apo  thn  Grammikή'Algebra  eίnai  όti  upάrcoun  dύo  pίnakeV  R kai  Q
kai έnaV diagώnioV D =Diagonal[m] έtsi ώste: 
A=Transpose[R].D.Q. Oi  pίnakeV  autoί  mporoύme  na  touV  broύme me thn  sunάrthsh  SingularValues[A].
H  SingularValues[A]  epistrέjei  έna  pίnaka   me  stoiceίa  {R,m,Q}.  Gia  na  crhsimopoiήsoume  thn
SingularValues[A] prέpei ta stoiceίa tou A  na dίnontai me upodiastolή! Parάdeigma:
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N@AD
b = SingularValues@N@ADD

883., −2., 0.<, 8−2., 3., 0.<, 80., 0., 5.<<

888−0.707107, 0.707107, 0.<,
80., 0., 1.<, 8−0.707107, −0.707107, 0.<<,

85., 5., 1.<, 88−0.707107, 0.707107, 0.<,
80., 0., 1.<, 8−0.707107, −0.707107, 0.<<<

N@AD m Transpose@b@@1DDD.DiagonalMatrix@b@@2DDD.b@@3DD
b@@1DD êê MatrixForm
DiagonalMatrix@b@@2DDD êê MatrixForm
b@@3DD êê MatrixForm

True

i

k

jjjjjjj
−0.707107 0.707107 0.

0. 0. 1.
−0.707107 −0.707107 0.

y

{

zzzzzzz

i

k

jjjjjjj
5. 0 0
0 5. 0
0 0 1.

y

{

zzzzzzz

i

k

jjjjjjj
−0.707107 0.707107 0.

0. 0. 1.
−0.707107 −0.707107 0.

y

{

zzzzzzz

Parathroύme όti sthn perίptwsh pou έnaV pίnakaV A diagwnopoieίtai tόte o Transpose[R] kai o Q pou
dίnei h SingularValues  sumpίptoun! 

4.5 Εύρεση δυνάµεων πινάκων
Η διαγωνοποίηση είναι χρήσιµη για την γρήγορη εύρεση δυνάµεων τετραγωνικών πινάκων. Για παράδειγµα
στο   παραπάνω  παράδειγµα  υψώνοντας  τις  ιδιοτιµές  στην  διαγώνιο  εις  την  10η   µπορούµε  να  βρούµε  την
10η δύναµα του Α: Α10 = P.DiagonalMatrix@8110, 510, 510<D.Inverse@PD
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P.DiagonalMatrix@8110, 510, 510<D.Inverse@PD êê MatrixForm

i

k

jjjjjjj
4882813 −4882812 0

−4882812 4882813 0
0 0 9765625

y

{

zzzzzzz

Με την ευκαιρία να αναφέρουµε ότι µε A^10παίρνουµε

A^10

8859049, 1024, 0<, 81024, 59049, 0<, 80, 0, 9765625<<

δηλ.  αποτέλεσµα  διαφορετικό  απο  αυτό  που  βρήκαµε  πριν.  Αυτό  δεν  σηµαίνει  ότι  έχουµε  κάνει  λάθος
παραπάνω. Οφείλεται στο γεγονός ότι  στο Mathematica ο πολλαπλασιασµός Α*Α δεν είναι ο γνωστός  µας
πολλαπλασιασµός  πινάκων.  Ο  γνωστός  µας  πολλαπλασιαµός  πινάκων  γίνεται   µε  το  Dot[A,B]  που
συµβολίζεται  απλά  µε  A.B  Γενικά    την  n-ιοστή  δύναµη  του  πίνακα  Α  µπορούµε  να  την  ορισουµε
αναδροµικά ή  αλλιώς µπορούµε να χρησιµοποιήσουµε την συνάρτηση Nest π.χ

pollaplasiasmos@a_D := A.a
Nest@pollaplasiasmos, A, 9D

884882813, −4882812, 0<, 8−4882812, 4882813, 0<, 80, 0, 9765625<<

?Nest

Nest@f, expr, nD gives an
expression with f applied n times to expr.

∆ηλαδή  η  Nest  επιστρέφει  το  f(f(...f(expr))...)))  όπου  το  f  έχει  εφαρµοστεί  n  φορές  στην  expr.  Στην
προηγούµενη χρήση του Nest εφαρµόσαµε  9 φορές το pollaplasiasmos διότι ήδη µέσα στο pollaplasiasmos
υπάρχει ήδη 1 εφαρµογή του πολλαπλασιασµού µε τον Α.

4.6 Allagή thV bάshV tou Ñn

Έstw όti maV dίnoun  duo  bάs¶iV tou  Ñn. Tόt¶  to pιrasma apo thn mίa bάsh sthn άllh  p¶rigrάj¶tai
m¶  ιna  antistrιyimo  pίnaka  P  pou  lιg¶tai  pίnakaV  m¶tάbashV.AV  doύm¶  ιna  parάd¶igma.  Dίn¶tai  mia

bάsh  B1tou   Ñ4kai  o  pίnakaV  metάbashV  apo  thn  sunήqh  bάsh  sthn  B1eίnai   o  P=

i

k

jjjjjjjjjjjjjj

1 1 0 -1
-1 2 1 0
2 -1 1 -2

-2 -2 0 3

y

{

zzzzzzzzzzzzzz
.

Na  breqoύn  oi  suntetagmιneV  tou  dianύsmatoV  {1,2,3,4}  sthn  paliά(sunήqh)  bάsh.  Apάnthsh:  Oi
suntetagmιneV eίnai to ginόmeno  P.{1,2,3,4}. ΆV doύme tiV prάxeiV
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P =

i

k

jjjjjjjjjjjj

1 1 0 −1
−1 2 1 0
2 −1 1 −2

−2 −2 0 3

y

{

zzzzzzzzzzzz

881, 1, 0, −1<, 8−1, 2, 1, 0<, 82, −1, 1, −2<, 8−2, −2, 0, 3<<

P.81, 2, 3, 4<

8−1, 6, −5, 6<

Oi  suntetagmέneV  tou   {1,0,0,0}  (dhl.  tou  prώtou  basikoύ  dianύsmatoV  thV  B1 Lsth  sunήqh  bάsh
einai:

P.81, 0, 0, 0<

81, −1, 2, −2<

Autή eίnai h prώth stήlh tou P. Όmoia diapistώnoume
όti oi stήleV tou P eίnai oi suntetagmέneV twn dianusmάtwn thV
nέaV bάshV wV proV thn sunήqh βάsh. AVdoύme to antrίstrojo
prόblhma : Dίnetai έna diάnusma me suntetagmέneV 8-1, 6, -5, 6< wV proV thn sunήqh

bάsh.PoiέV eίnai oi suntetagmέneV tou sthn nέa bάsh;
Skejtόmaste wV exήV epeidή  8−1, 6, −5, 6< = P.8x1, x2, x3, x4<

qa prέpei P−1.8-1, 6, -5, 6< = 8x1, x2, x3, x4<.

Inverse@PD.8−1, 6, −5, 6<

81, 2, 3, 4<
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dhl. autό  pou  perimέname . Genikά  qa  prέpei  o  pίnakaV  metάbashV  P  apό  mia  bάsh  se  mia  άllh  
na  eίnai  έnaV  antistrέyimoV  pίnakaV. AV  doύme  άllo  έna  parάdeigma : Dίnetai  h  bάsh  

B2 pou oi suntetagmέneV twn basikώn dianusmάtwn eίnai oi stήleV tou pίnaka  Q =

i

k

jjjjjjjjjjjj

-2 0 -2 1
-1 1 0 -2
1 2 -1 -1
-2 2 1 -2

y

{

zzzzzzzzzzzz
. Ajoύ deίxete όti prάgmati apoteloύn bάsh na breίte

ton pίnaka metάbashV apo thn B1 sth B2.

Apάnthsh : Kat ' arcήn qa elέgxoume thn orίzousa tou Q. An eίnai mh
mhdenikή tόte oi stήleV eίnai grammikώV anexάrthteV kai άra apoteloύn mia
bάsh. Gia na broύme ton pίnaka metάbashV apo thn B1 sth B2 brίskoume prώta
ton pίnaka metάbashV apo thn B1 sthn sunήqh HautόV eίnai o Inverse@PDL kai
apo thn sunήqh sthn B2 Hmέsw tou QL. Telikά o zhtoύmenoV eίnai o Inverse@PD.Q

Q =

i

k

jjjjjjjjjjjj

−2 0 −2 1
−1 1 0 −2
1 2 −1 −1

−2 2 1 −2

y

{

zzzzzzzzzzzz

88−2, 0, −2, 1<, 8−1, 1, 0, −2<, 81, 2, −1, −1<, 8−2, 2, 1, −2<<

Det@QD

25

Inverse@PD

99 13
ccccccc
6

, −
1
cccc
6
,

1
cccc
6
,

5
cccc
6
=, 9 5

cccc
6
,

1
cccc
6
, −

1
cccc
6
,

1
cccc
6
=,

9 1
cccc
2
, 1

cccc
2
, 1

cccc
2
, 1

cccc
2
=, 82, 0, 0, 1<=

MatrixForm@Inverse@PD.QD

i

k

jjjjjjjjjjjjjjj

− 17cccccc3
11cccccc6 − 11cccccc3

2cccc3
− 7cccc3

1cccc6 − 4cccc3
1cccc3

−2 5cccc2 −1 −2
−6 2 −3 0

y

{

zzzzzzzzzzzzzzz

Genikά  mporoύme  na  jtiάxoume  mia  sunάrthsh  me  eίsodo  duo  doqeίseV  bάseiV  V1, V2(ήna  to  poύme
kalύtera  me  eίsodo  tiV  suntetagmέneV  twn  basikώn  dianusmάtwn  twn  V1, V2  ώV  proV  thn  sunήqh
bάsh)kai qa maV epistrέjei ton pίnaka metάbashV apo thn mia sthn άllh.
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changeBasis@V1_List, V2_ListD :=

If@Det@V1D != 0, Inverse@Transpose@V1DD.Transpose@V2D,
"η αλλαγήβάσεως δεν είναι δυνατή"D

changeBasisA
i

k

jjjjjjjjjjjj

1 −1 2 −2
1 2 −1 −2
0 1 1 0

−1 0 −2 3

y

{

zzzzzzzzzzzz
,

i

k

jjjjjjjjjjjj

−2 −1 1 −2
0 1 2 2

−2 0 −1 1
1 −2 −1 −2

y

{

zzzzzzzzzzzz
E

99−
17
ccccccc
3

,
11
ccccccc
6

, −
11
ccccccc
3

,
2
cccc
3
=, 9−

7
cccc
3
,

1
cccc
6
, −

4
cccc
3
,

1
cccc
3
=,

9−2,
5
cccc
2
, −1, −2=, 8−6, 2, −3, 0<=

Άskhsh:  O  prosarthmέnoV  pίnakaV(adjoint)  enόV  tetragwnikoύ  pίnaka  A  sumbolίzetai  me  adj[A]  kai
έcei  stoiceίa  ta  b@i, jD = H-1Li+ j D j, iόpou  me  D j, isumbolίzoume  thn  orίzousa  tou  A  όtan  apo  ton  A
ajaireqeί  h  j  grammήkai  h  i  stήlh.  Kataskeuάsete  mia  sunάrthsh  minorMatrix[m_List,i_Integer/;-
Positive[i],j_Integer/;Positive[j]] pou me eίsodo ta m, i,j  qa epistrέjei ton ellάsona pίnaka tou m cwrίV
thn  i  grammήkai  thn  j  stήlh.  Sthn  sunέceia  kataskeuάsete  thn  sunάrthsh  adjointMatrix[m]  pou  qa
epistrέjei  ton  prosarthmέno  pίnaka  tou  m  kai  dokimάste(  gia  έna  sugkekrimέno  m)an  iscύei  h
isόthta:
m.adjointMatrix[m]  ==Det[m].IdentityMatrix[Length[m]]==adjointMatrix[m].m  Upόdeixh:  Gia  thn
kataskeuήthV minorMatrix mporeίte na crhsimopoiήsete tiV sunartήseiV  Drop kai Part pou eίdame se
prohgoύmeno mάqhma.

4.7 GrammikέV sunartήseiV kai pίnakeV
Se autήn thn enόthta qa meletήsoume touV pίnakeV apo mia άllh skopiά. Kάqe pίnakaV A diastάsewn
mΧn orίzei mia  grammikήsunάrthsh  f : Ñn -> Ñmme  orismό  f @e]=A.{x1, .. xn}. (me   {x1, .. xn} ennooύme

tiV  suntetagmέneV  tou  dianύsmatoV  e  tou  Ñn  wV  proV  thn  sunήqh  bάsh  tou  Ñn.  Akόma  me   f[e]  den

ennooύme  kάpoio  diάnusma  e1tou  Ñmallά  tiV  suntetagmέneV  tou   e1  wV  proV  thn  sunήqh  bάsh  tou
Ñm ). Antίstroja kάqe grammikή f : Ñn -> Ñm antistoiceί se έna pίnaka A. AV doύme έna parάdeigma:

A =
i

k

jjjjjjj
2 3 −1
3 −1 2
1 2 3

y

{

zzzzzzz

882, 3, −1<, 83, −1, 2<, 81, 2, 3<<

tόte h sunάrthsh matrixToFunction pou orίzetai parakάtw ton metatrέpei se grammikήsunάrthsh:

matrixToFunction@m_ListD := m.Table@xi, 8i, Length@First@mDD<D
f = matrixToFunction@AD

82 x1 + 3 x2 − x3, 3 x1 − x2 + 2 x3, x1 + 2 x2 + 3 x3<
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To Length[First[m]] eίnai ίso me to plήqoV twn sthlώn tou m. Gia to antίstrojo prόblhma prέpei na
jtiάxoume  mia  sunάrthsh  functionToMatrix pou  na  maV  epistrέjei  ton  pίnaka  pou  krύbetai  pίsw apo
mia  grammikήsunάrthsh  f.  Gia  ton  skopό  autό  qa  creiastoύme  thn  Variables[f]  pou  epistrέjei  tiV
metablhtέV  thV  f  kai  thn  Coefficient[g,lίsta]  pou  dίnei  touV  suntelestέV  twn  metablhtώn(ήtwn
dunάmewn  metablhtώn) thV lίsta sthn sunάrthsh g. P.c

Coefficient@2 x + 5 y2, 8x<D
Coefficient@2 x + 5 y2, 8x, y<D
Coefficient@2 x + 5 y y, 8x, y^2<D

82<

82, 0<

82, 5<

Parathreίste όti sto poluώnumo 2 x +5 y2 o Coefficient tou y eίnai 0(kai όci 5 y) enώ tou y2eίnai 5! Η
functionToMatrix orίzetai wV ex'hV:

functionToMatrix@f_ListD :=

Table@Coefficient@f@@iDD, Variables@fDD, 8i, Length@fD<D
functionToMatrix@fD

882, 3, −1<, 83, −1, 2<, 81, 2, 3<<

Άskhsh: Dίnetai h grammikήsunάrthsh f(e)={x+2y, y-x,2x} όpou  x, y, z eίnai oi suntegmέneV tou e wV
proV  thn  sunήqh  bάsh.  Breίte  ton  tύpo   thV  f   όtan   allάxoume  thn  sunήqh  bάsh  tou  Ñ2sthn  bάsh
B = 8v1, v2< όpou   v1={1,1}  kai  v2 = 81, 2< kai thn  bάsh  tou  Ñ3(tou  pedίou  timώn  thV  f  )  sthn
B* = 8u1, u2, u3<όpou u1 = 81, 1, 1<, u2 = 81, 1, 0<, u3 = 81, 0, 0<. 

Upόdeixh: Έstw ena tucaίo diάnusma q grammέno wV proV thn bάsh B. Oi suntetagmέneV tou wV proV
thn  sunήqh  bάsh  eίnai  e* =8x*, y*, z*<=Transpose[B].q Όpόte   me  f He*L brίskome  tiV  suntetagmέneV  thV
eikόnoV(wV  proV  thn  sunήqh  bάsh)  kai  me  Inverse@Transpose@B*DD. f He*L  brίskoume  tiV  zhtoύmeneV
suntetagmέneV wV proV thn bάsh B*.
 ΆlloV  trόpoV:  έstw  A  o  pίnakaV  thV  f  wV  proV  tiV  sunήqeiV  bάseiV  kai   έstw  P  =  transpose[B]o
pίnakaV  metάbashV  apo  thn  sunήqh  bάsh  tou  Ñ2sthn  B  kai  έstw  Q = Transpose@B*Do  pίnakaV
metάbashV apo thn sunήqh bάsh tou  Ñ3sthn  B*. Tόte eίnai gnwstό apo thn qewrίa όti o pίnakaV thV
f wV   proV  tiV  bάseiV   B  sthn  B*eίnai  ίsoV  me  A* = Q-1.A.P.  Apo  edώ  mporoύme  eύkola  na  broύme  ton
nέo tύpo thV f me έna aplό pollaplasiasmό   f *HqL = A*.q
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