
9.2 Μελετώντας τρισδιάστατα γραφικά στο επίπεδο

9.2.1 Oi sunartήseiV Contour Plot kai DensityPlot
Me  thn  ContourPlot[f[x,y],  {x,xmin,xmax},{y,ymin,ymax}]  scediάzoume  thn  f[x,y]  pάnw  sto  epίpedo  Oxy,
dίnontaV sto shmeίo (x,y) έna crώma (sunήqwV apόcrwsh tou gkrίzou) pou antistoiceί sthn timή f[x,y].  Ta
shmeίa pou έcoun megalύterh timή  f[x,y] eίnai pio jwteinά enώ autά pou έcoun mikrόterh eίnai pio skoteinά.
P.c

ContourPlot@Sin@x^2 − y^2D, 8x, −1, 3<, 8y, −2, 2<D;
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Parathroύme 10 apocrώseiV tou grί(to leukό den to metrάme, ousiastikά έcoume mazί me to leukό  11). H na
to poύme diajoretikά: To pedίo timώn(ston άxona Oz) έcei cwristeί se 10+1 ίsou mήkouV diastήmata έstw
D1,D2,..,D11.  Kάqe  diάsthma  paίrnei  έna  crώma  tou  gkrί  xekinώntaV  apo  to  maύro.  Όsa  shmeίa   (x,y)  tou

epipέdou apeikonίzontai(mέsw thV f) mέsa sto ίdio diάsthma Di  qa pάroun thn ίdia  apόcrwsh!  'Etsi pάnw

sto epίpedo Oxy emjanίzontai crwmatikέV lwrίdeV,ta isouyή epίpeda,  ta opoίa diacwrίzontai metaxύ touV

apo  kάpoieV  kampύleV  pou  lέgontai  isouyeίV(Contours).   Όla  ta  shmeίa  miaV  isouyή  kampύlhV  paίrnoun

thn  ίdia  akribώV  timή  me  thn  f  !  Fusikά  epeidή  upάrcoun  άpeira  shmeίa  (x,y)  mέsa  sto  orqogώnio
scediasmoύ  D={x,xmin,xmax}Χ{y,ymin,ymax},  to  Mathematica  qa  dialέxei  deigmatoleiptikά  lίga  shmeίa
apo  to  D  kai  me  bάsh  tiV  timέV  touV  qa  scediάsei  tiV  isouyeίV  kampύleV.  Ta  shmeίa  autά  lέgontai  Plot-
Points.  Fusikά  to  apotέlesma  pou  paίrnoume  έcei  όpwV  blέpoume  pollέV  atέleieV.  Gia  parάdeigma  oi

isouyeίV  kampύleV  den  eίnai  όso  qa  perimέname  omalέV.  EpίshV  mporoύme  na  parathrήsoume  όti  h  leukή
lwrίda  sta  dexiά  eίnai  sto  kάtw  mέroV  thV  kommatiasmέnh!  Autό  wjeίletai  kurίwV  sto  gegonόV  όti  h
proepilegmέnh  timή  tou  PlotPoints eίnai 15. Opόte  apo  to  diάsthma  D epilέgontai   15Χ15 to  plήqoV  shmeίa
pou den eίnai arketά an h f[x,y] έcei apόtomeV  "lakoύbeV" kai "lojίskouV" sto  D.  Qa prospaqήsoume na
antimetwpίsoume autέV tiV atέleieV.   AV doύme όmwV prώta, poiέV eίnai oi epilogέV thV ContourPlot:
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Options@ContourPlotD

8AspectRatio → 1, Axes → False, AxesLabel → None,
AxesOrigin → Automatic, AxesStyle → Automatic,
Background → Automatic, ColorFunction → Automatic,
ColorFunctionScaling → True, ColorOutput → Automatic,
Compiled → True, ContourLines → True, Contours → 10,
ContourShading → True, ContourSmoothing → True,
ContourStyle → Automatic, DefaultColor → Automatic, Epilog → 8<,
Frame → True, FrameLabel → None, FrameStyle → Automatic,
FrameTicks → Automatic, ImageSize → Automatic, PlotLabel → None,
PlotPoints → 15, PlotRange → Automatic, PlotRegion → Automatic,
Prolog → 8<, RotateLabel → True, Ticks → Automatic,
DefaultFont � $DefaultFont, DisplayFunction � $DisplayFunction,
FormatType � $FormatType, TextStyle � $TextStyle<

AllάzontaV  kάpoia  apo  ta  parapάnw  carakthristikά  mporoύme  na  έcoume  έna   kalό  apotέlesma.  P.c
mporoύme  na  epitrέyoume  sto  Mathematica  na  kάnei  kalύterh  deigmatoleiyίa  paίrnontaV  perissόtera
shmeίa. WV apotέlesma qa έcoume pio akribeίV isouyeίV kampύleV. P.c

gr = ContourPlot@Sin@x^2 − y^2D,
8x, −1, 3<, 8y, −2, 2<, PlotPoints → 30D;
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Mporoύme epίshV na zhtήsoume perissόtereV isouyeίV(kai άra perissόtereV apocrώseiV) megalώnontaV
thn proepilegmέnh timή tou Contours pou eίnai 10(ή akribέstera 10+1 όpwV proanajέrame). P.c
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gr1 = Show@gr, Contours → 20D;
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Prosέxte  όti  auxάnontaV  to  plήqoV  twn  Contours  cάnetai   h  akrίbeia  sto  scediasmό  twn  isouyώn!!! Άra

qa  prέpei   na  auxήsoume  xanά  ta  PlotPoints  gia  na  petύcoume  thn  akrίbeia  ston  scediasmό!   An  tώra
qέloume  mόno tiV diabaqmίseiV cwrίV tiV isouyeίV qa grάjame ContourLines->False p.c
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gr2 = Show@gr1, ContourLines → FalseD;
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Sίgoura  polύ  pio  katanohtό  apotέlesma!  MerikέV  jorέV  den  maV  endiajέroun  tόso  oi  apocrώseiV  όso  oi

ίdieV  oi  isouyeίV!  Parakάtw  dίnoume  έna  tέtoio  parάdeigma.  Me  ContourShading->False  exajanίzoume  tiV

apocώseiV  enώ  me  ContourStyle->({RGBColor[#,0,0]}&)/@Range[0,0.95,.05]  dίnoume  20  diajoretikέV
apocrώseiV(όsa eίnai kai ta Contours) tou kόkkinou stiV antίstoiceV isouyeίV kampύleV. 
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gr3 = Show@gr1, ContourShading −> False,
ContourStyle → H8RGBColor@#, 0, 0D< &L ê@ Range@0, 0.95, .05DD;
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Edώ  me  έntono  kόkkino  eίnai  oi  isouyeίV  pou  brίskontai  pio  yhlά  apo  tiV  άlleV.  Qa  mporoύsame  tώra  na
emjanίsoume  kai  ta  isouyή  epίpeda  me  diabaqmίseiV  tou  kίtrinou-kόkkinou(me  thn  boήqeia  thV  Color-
FunctionØ(RGBColor[1,#,0]&) ) kai tiV ContourLines  kόkkineV kai diakekommέneV p.c 
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gr4 = Show@gr1, ContourShading → True,
ColorFunction → HRGBColor@1, #, 0D &L,
ContourStyle → H8RGBColor@#, 0, 0D, Dashing@80.0015, 0.005<D< &L ê@

Range@0, 0.95, .05DD;
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Den  prέpei  na  xecάsoume  na  anajέroume  thn  Contours->{z1,z2,z3,...}  me  thn  opoίa  epilέgoume  na  mpoύn
isouyeίV  mόno  stiV  sugkekrimmέneV  timέV  tou  z.  P.c  qa  prospaqήsoume  na  diereunίsoume  thn  f  kontά  sto
shmeίo  (0,0)  meletώntaV  mόno  kάpoieV   qetikέV  isouyeίV  me  timέV  kontά  sto  f[x,y]=0  p.c
:ContoursØ84 10−9, 9 10−7, 2 10−6<Gia  akrίbeia  megalώnoume  kai  to  plήqoV  twn  deigmatoleiptikώn
shmeίwn(PlotPointsØ40)
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gr5 =

ContourPlot@Sin@x^2 − y^2D, 8x, −0.001, 0.002<, 8y, −0.002, 0.002<,
Contours → 84 10−9, 9 10−7, 2 10−6<, PlotPoints → 40, ContourStyle →

88RGBColor@1, 0, 0D<, 8RGBColor@0, 1, 0D<, 8RGBColor@0, 0, 1D<<D;
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Me  maύro  crώma  eίnai  όleV  oi  timέV  thV  sunάrthshV  <4 10−9,  me  endiάmeso  gkrί  oi  timέV  metaxύ
4 10−9 και 9 10−7k.o.k

H  DensityPlot  den  prospaqeί  na  scediάsei  kάpoieV  isouyeίV  kampύleV  όpwV  h  ContourPlot.  AplώV  parάgei
έna  plέgma(mesh)kai  kάpoieV  apocrώseiV  mέsa  se  autό.  H  proepilegmέneV  apocrώseiV  eίnai  tou  gkrί.
Skoteinά  gkrί  crhsimopoioύntai  gia  baqoulώmata  thV  f[x,y]  dhl.  gia  mikrέV  timέV  kai  anoikta  gkrί  gia
megάleV timέV. P.c

trisdiastataStoEpipedo_.nb 7



DensityPlot@Sin@x^2 − y^2D, 8x, −1, 3<, 8y, −2, 2<D;
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ΌpwV blέpoume crhsimopoioύntai 15 PlotPoints  se kάqe έna apo ta diastήmata twn x kai y antίstoica. Gia
megalύterh akrίbeia sta crώmata mporoύme na bάloume megalύterh timή p.c PlotPoints->{25,50}
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gr1 = DensityPlot@Sin@x^2 − y^2D,
8x, −1, 3<, 8y, −2, 2<, PlotPoints → 825, 50<D;
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ΌpwV  blέpoume  den  gίnetai  kammίa  prospάqeia  na  schmatistoύn  kapoia  isouyή  epίpeda  AplώV  se  kάqe
deigmatolhptikό  shmeίo  apo  ta  25  ä50  upologίzetai  h  antίstoich   timή  thV  f  kai  sthn  sunέceia  autή
metatrέpetai se mia apόcrwsh tou gkrί. Me Mesh->False mporoύme na exajanίsoume to plέgma kai na meίnei
mόno h apόcrwsh:
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gr2 = Show@gr1, Mesh → FalseD;
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Me thn ColorFunction mporoύme na allάxoume  katά boύlhsh tiV apocrώseiV:
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gr3 = Show@gr2, ColorFunction → HRGBColor@1, #, 0D &LD;
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An  qέloume  na  emjanίzontai  oposdήpote  kai  to  plέgma  qa  ήtan  skόpimo  na  dialέgame  me  thn  boήqeia  thV
MeshStyle  έna  diajoretikό  crώma  grammώn  plέgmatoV  ή  pio  leptέV  grammέV  plέgmatoV  ή  diakekommέneV  ή
kάpoia apo ta prohgoύmena:
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gr4 =

Show@gr1, MeshStyle → 8GrayLevel@0.9D, Dashing@80.005, 0.005<D<,
ColorFunction → HRGBColor@1, #, 0D &LD;
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Genikά  h   DensityPlot  maV  scediάzei  mia  epijάneia  tou  cώrou  όpwV  qa  thn  έblepe  έnaV  parathrhtήV  pou
briskόtan akribώV apo pάnw thV!
ΊswV qa  anarwtiέste giatί na crhsimopoiήsoume thn DensityPlot ajoύ upάrcei h  ContourPlot.  H apάnthsh
eίnai  όti  upάrcoun  kakέV  periptώseiV  pou   h  ContourPlot  sthn  prospάqeia  thV  na  zwgrajίsei  ta  isouyή
epίpeda  den  bgάzei  kάpoia  kάpoio  κατανοητό  grάjhma  dhl.  maV  epistrέjei  anakribέV  grάjhma.   Genikά  qa
prέpei  na  eίmaste  se  qέsh  na  paίrnoume  όleV  tiV  plhrojorίeV  pou  maV  creiάzontαι  sthn  melέth  maV
kάnontaV katάllhlo sunduasmό όlwn twn dunatotήtwn p.c 

Askhsh: Na meletήsoume thn sumperijorά thV 2 x^2 + 3 y^2 gia {x,-4,4} kai {y,-4,4}.
Lύsh:Crhsimopoioύme thn Plot3D se sunduasmό me thn ContourPlot:
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Plot3D@2 x^2 + 3 y^2 , 8x, −4, 4< , 8y, −4, 4<D;
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Blέpoume  όti  upάrcei  έna  baqoύlwma  allά  den  xέroume  pou  akribώV.  H   ContourPlot  qa  bohqήsei  ston
entopismό tou:

ContourPlot@2 x^2 + 3 y^2 , 8x, −4, 4< ,
8y, −4, 4<, ColorFunction → HRGBColor@1, #, 0D &L,
Contours → 30, PlotPoints → 30D;
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Dhl.  eίnai  to  shmeίo  (0,0)!  Qa  mporoύsame na  crhsimopoίhsoume kai thn  ContourPlot se sunduasmό  me thn
DensityPlot wV  exήV: Θέτουµε  την  DensityPlot κάτω  απο  την  ContourPlot και  στην  πρώτη  βάζουµε MeshØFalse
ενώ στην δεύτερη ContourShadingØFalse(για να εµφανιστούν µόνο οι ισουψείς καµπύλες)

cg = ContourPlot@2 x^2 + 3 y^2 ,
8x, −4, 4< , 8y, −4, 4<, ContourShading → False,
DisplayFunction → Identity, PlotPoints → 30, Contours → 30D;

dg = DensityPlot@2 x^2 + 3 y^2 , 8x, −4, 4< , 8y, −4, 4<,
PlotPoints → 30, Mesh → False, DisplayFunction → Identity,
ColorFunction → HGrayLevel@If@0.5 + # > 1, 1, 0.5 + #DD &LD;

Show@dg, cg, DisplayFunction → $DisplayFunctionD;
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Me  If[0.5+#>1,1,0.5+#]  jwtίsame  katά  0.5  perissόtero  ta  skoteinά  merh  tou  DensityPlot  gia  na  έcoume
perissόterh jwteinόthta sta shmeίa gύrw apo to (0,0).
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