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Abstract The Bass—Heller—Swan formula is a basic calculational tool in pseudoisotopy
K -theory. We describe the Nil-groups and the Bass—Heller—Swan splitting for the group of
the pseudoisotopies of a closed manifold. We use the methods of controlled topology used
in the Bass—Heller—Swan splitting in K -theory.
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1 Introduction

The Bass-Heller—-Swan Formula [2,3] is one of the most important calculational tools in
algebraic K -theory. For any ring R,

Ki(R[t,17']) = K1 (R)®Ko(R)®Nil(R)®Nil(R).
In more geometric terms, the formula can be written, for a space X, as
Wh(XxS") = Wh(X)@Ko(X)®Nil(X)®Nil(X).

In [23], the second formula was generalized to Whitehead spaces and it was proved using
methods from controlled topology [9,11].
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In this paper we consider only smooth pseudoisotopies. There is a connection between
the Whitehead space and stable pseudoisotopy space given by [1,6-8,18,20]:

QWh(X) ~ P(X).

Thus, there is a Bass—Heller—Swan splitting for the space of stable pseudoisotopies. Such a
formula for Hilbert cube manifolds was given in [23]. Unfortunately, the construction of the
homotopy equivalence between the Whitehead space and the pseudoisotopy space involves
many choices, at least in the topological category. This makes the transfer of explicit con-
structions from the Whitehead spaces to the pseudoisotopy spaces cumbersome. That is why
a direct calculation for the Bass—Heller—-Swan formula for pseudoisotopies is desirable. Also
a splitting in A-theory is given in [28]. Our methods adapt the methods in [23] and they are
more geometric than the ones in [28].

The pseudoisotopy group of a space is the group of path components of the pseudoisotopy
space. In this paper, we give explicit constructions of the pseudoisotopy Nil-groups and a
geometric splitting of the pseudoisotopy group over S'.

Theorem (Bass—Heller—Swan Splitting for Pseudoisotopy Groups) Let X be a closed smooth
manifold.

(1)  There is a splitting of abelian groups
P(XxS") = RP(XxSHONP(X) = P(X)DPp(X xR)BNP(X),

where RP(X x S') is the subgroup of the relaxed pseudoisotopies.
(2)  Furthermore, if dim(X) > 7 and £ : P(XxS!) — P(XxS'x1I) is the suspension
map, then there is a group isomorphism

ENPX) = NLPX)BNP_(X)

and the two summands are isomorphic.
(3) Ifn = 7 and P(—) denotes the stable pseudoisotopy group then there is a group
isomorphism

P(XxS") Z P(X)®Py (X xR)BN P (X)DNP_(X).

Taking bounded pseudoisotopies over the reals corresponds to delooping. Thus, Pp (X xR)
= Wh(XxI) [1]. The dimension assumption comes from the stable range estimates for
pseudoisotopies ([14,15,30,29] for the smooth case and [5] for the topological case, also
[36] for a review and applications).

In some sense, controlled topology is used in the proof of the Main Theorem. More spe-
cifically, the methods used combine the explicit construction of the pseudoisotopy relaxation
given in [31] and the controlled methods used in [10,19,21,25,26]. Using the construction
in [31], we give an explicit calculation of the relaxation map:

riP(XxSH - RP(XxShH

that splits the “forget-control” map. The splitting is constructed through a different summand
of the pseudoisotopy group, the relaxed pseudoisotopies. Actually, the constructions in [31]
provide us also with a model for the Nil-components of the pseudoisotopy group. The prob-
lem of splitting the Nil-part into two components was stated explicitly in [6]. Results in this
direction are given in [4]. Also, it should be noted that splitting results for higher K -groups
were given in [16].
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In the topological category the theorem holds as well when the dimension of the manifold
is greater than or equal to the stable range. Furthermore, in this case the relaxed subgroup is
isomorphic to the controlled subgroup PEOP (XxS! — S (Section 8).

Our main Theorem should be thought as a version of the Bass—Heller—Swan splitting in
Wh, [4,16]. Different versions of this formula were given in [4,6] for pseudoisotopies, in
[13,23] in higher K-theory and in [28] in A-theory. Geometrically, the Bass—Heller-Swan
formula may be thought as characterizing splitting obstructions “over S!'”. As such it was
given in [12,23,24,31,35]. The splitting theorem can be considered as a geometric version
of the higher fibering problem over the circle that was introduced by Farrell in [12] and was
generalized in [31].

The main result of this paper gives partial results to the question BW1 in [22],
providing a geometric description of the 7o of the Nil-term. Furthermore that question moti-
vated the material in Sects. 7 and 8. The second part of our main theorem was motivated
by question BW2 in [22]. We give a splitting of the Nil-term into two isomorphic pieces. In
Sects. 7 and 8, we give an alternate description of the NP-group. The authors believe that
embeddings can be used in an alternate definition of the Nil-group [6].

Part (1) in the Main Theorem holds true if we consider bounded pseudoisotopies over
R™. Parts (2) and (3) depend on some algebraic results on the pseudoisotopy group and they
do not generalize immediately to the bounded setting. For parts (2) and (3), we need the
dimensional assumption to ensure that the suspension map is an isomorphism.

This is the firstin a series of papers that will provide splittings not only of the pseudoisotopy
group but also of the pseudoisotopy space. That generalization will give complete answers
to questions BW1 and BW2 in [22]. Also, the authors intend to get similar splittings for
compact Hilbert cube manifolds using the methods in [9,11,17,20,23]. Even though in this
paper we restrict ourselves to finite dimensional manifolds, many of the ideas come from and
extend to Hilbert cube manifolds. As a continuation of this work, the authors will consider
the splitting theorem for twisted products, i.e., for manifolds X that come equipped with an
approximate fibration to S' which is not necessarily trivial, and for other codimension-one
splittings. It should be noticed that most of the constructions and the maps work in the topo-
logical category and the authors intend to examine if the splitting in the main theorem carries
over to the topological category.

We would like to thank Wojiech Dorabiala, Tom Farrell and Bruce Hughes for their use-
ful suggestions. We would like in particular to thank Bruce Williams whose encouragement
played an important role in the completion of this work.

2 Preliminaries

Let X be a finite dimensional smooth manifold and let / denote the unit interval [0, 1]. A
concordance on X is a diffeomorphism

h:XxI — XxlI

so that /1| x « ;) is a diffeomorphism of X x {i} fori = 0, 1. If, in addition, / satisfies the con-
dition that 7| X x {0} is the identity map, then 4 is called a pseudoisotopy. If X has a boundary,
we require that / be the identity on X x {0} and on X xI. An isotopy is a diffeomorphism
h as above that preserves the /-coordinate. Let (X) denote the group of isotopy classes of
pseudoisotopies on X with multiplication induced by composition.
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For the rest of the paper we assume that X is a compact finite dimensional smooth man-
ifold. We write P, (X xR) for the subgroup of bounded, over R, pseudoisotopies [18,20].
There is an isomorphism [1]:

Pp(X xR) = Wh(Xx 1),

where the Whitehead group classifies h-cobordisms over X xI which are the identity.
Explicitly, the isomorphism is given by sending a pseudoisotopy & € Pp(XxR) to the
h-cobordism:

h— (Xx[0,00)x1) —hil(Xx(N, oo)x 1),

where N was chosen so that =1 (X x (N, co)x ) C X x[0, co)x 1.
Let X be as above. The circle is written as S' = [0, 1] / ~, where we identity the two ends.
Following [31], a pseudoisotopy % of X x § lis called relaxed if it is isotopic to a concordance

W XxS'xT — XxS'x1I

so that (X x{0}x I)NA'(X x{0}x I) = ¥. We write RP(X x S') for the subgroup of relaxed
pseudoisotopies of X xS

3 Splitting the relaxed subgroup

There is an infinite transfer homomorphism:
> P(X xSH — Pp(X xRY).

More precisely, for h € P(X xS'), ™ (h) is the pull-back h defined by:

XxRx] — XxRx] —2 R

|- |- [
XxSIxT —" 5 Xxx8§'x1 -2 s!

where E(x, s, t) = (x, exp(s), t).
Lemma 3.1 With X as above, there is an exact sequence of groups
0— P(X x 1) > RP(X x $") L5 Py(X x R') — 0.

Proof For f € P(X x I), note that f(x,s,0) = (x,s,0) and f(x, j,t) = (x, j,t) for
x € X,s,t € I,and j = 0, 1. Define i(f) € P(X x Sl) to be the pseudoisotopy given
by i(f)(x,s,t) = f(x,s,t) with the identification (x, 0,7) ~ (x, 1, ¢). Since i(f)_1 (X x
{0} x I) = X x {0} x I, after an isotopy, i (f) is relaxed.

Claim: i is one-to-one. If f € P(X x I) so thati(f) is trivial, then there is an isotopy

F,:XXSlx1—>XxSlxI

sothat Fy = 1 and F1 = i(f). LetF,: X xIxI—XxS8'xI be induced by F; and lift
FitoF/: X xIx1— X xRx I sothat E o F/ = F,. Note that F| will agree with f
after perhaps a shift in the R direction. By the Isotopy Extension Theorem, F; extends to an
isotopy G; on X x Rx I with compact support. If G, is the identity outside X x [—m, m] x I,
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we can consider G, as an isotopy on X x [—m, m] x I. We may assume that G, is the identity
on X x R x {0}.

Consider the restriction G| : X x [-m,0] x I — X x [—m, n] x I. After identify-
ing [—m, 0] and [—m, n] with the interval I, this restriction of G defines a pseudoiso-
topy g € P(X x I). Note that g(x,0,¢) = G1(x, —m,t) = (x,—m,t) ~ (x,0,¢) and
glx,1,) =G1(x,0,t) = f(x,0,1) = (x,0,1).

Similarly, consider the restriction G| : X x [1,m] x I — X x [n + 1,m] x I. After
identifying [1, m] and [n+ 1, m] with the interval /, this restriction of G defines a pseudoiso-
topy h € P(X x I). Note that 2(x,0,7) = Gi(x,1,1) = f(x,1,1) = (x,1,1) ~ (x,0,1)
and h(x,1,t) = Gi(x,m,t) = (x,m,t) ~ (x, 1,1).

We consider an alternate product on P(X x I) defined by f © f/'(x,s,1) = (x',s', 1)
where

(', 25", 1) = f(x,2s,1) ifo<s<3
25" =1,y = f'(x, 25— 1,1) ifd<s<1.
n n+1
g f h
1
1
1 1 1
—m 0 1 m

Itis easy to see that f © f” is isotopic to composition. The isotopy G; : X X [—m, m]x [ —
X x [—m, m] x I, after rescaling, gives an isotopy of g ©® f © h to the identity.
Define a new isotopy G; on X x R x I by

Gi(x,s,t) if —m<s<0

/ —
Gl 5.1) = [Gt(x,s—l,t) if1<s<m

This provides an isotopy of ¢ ® A to the identity. Thus, combining these two isotopies, we
have shown that if i (f) is trivial, then f is isotopic to the identity in P(X x I). Thus, i is an
injection.

Claim: tr*° is onto. Let £ : X x R x I — X X R x I be the deck transformation. For any
g € Pp(X x R), note that g g~ ¢! € P, (X x R) is trivial. Therefore, there is an bounded
over R isotopy G; : X x Rx I — X xR x I sothat Go = 1, G| = g¢g~'¢™!, and
Gilxxrx{0) = 1. Define

g X xIxI—XxRxI, gx,s,t) :G;lg(x,s,t).
Then

o g'(x,0,0)=Gy'g(x,0,1) = g(x,0,) and
o g, 1,0=G"glx, 1,1) = (cgc g Ng(¢(x,0,0) = ¢g(x,0,1).

Thus, we can identify the ends of X x [0, 1] x I to get a new function

¢ X xS'xI—>XxS8'xI
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Then g” € P(X x S') and tr>°(g") is isotopic to g.
Claim: tr*° oi = 0. Let f € P(X x I) and let g = tr°° (i (f)). Then the pseudoisotopy g is
bounded over R:

g XXRxI — XxRxI.
The construction of g implies that:
g(X x[0,00)xI) = Xx[0, 00)x1.

After an isotopy, we can assume that g is the identity on a small collar of X x{0}x /. Let
&' = glxx[0.00)x1- Then there is an isotopy ([34], Lemma 9.10):

Gl Xx[0,00)xI — Xx[0,00)xI, 0<t<1

so that G;" is an isotopy from g’ to the identity that also fixes X x {0} x I. Similarly, there
is an isotopy G; from g|xx(—co,01xs to the identity fixing X x{0}x /. Then the union
G?LU xx{0}x1G; provides an isotopy from g to the identity. Therefore, g = 0 in P, (X xR).
Claim: Ker(tr®) C Im(i). Leth € RP(X x S') so that rr®(h) = h is trivial in Pp(X x R).
Since Pp(X x R) can be identified with Wh(X x I), the h-cobordism formed by W =
(X x [0, 00) x I) —h~1(X x (0, 00) x I is trivial. Since h is relaxed, W can be embedded
in X xS!xI. Thus, there is a diffeomorphism

H:Xx[O,l]xI—)WCXxSlxl.

We may assume that H|xx0}x is the identity. For some € > 0, we can extend H by the
identity to a diffeomorphism we will also denote by H from X x [—€,1 + €] x [ to a
neighborhood of W where ¢ > 0 is chosen so that

HX x{—e}xINHX x{l+¢€} xI)=40.
Define an isotopy 4, on X x S x I by

h,(H(x,s,r))
(x,5,7) ifs < —¢

s+ € .
— H(x,(l—t)s+t|:—e+ -e],r) if —e<s <1
I+e

l4+e—s .
Hix,d-t)s+t|l+e—— -(1+e€)|,r ifl<s<l+4e¢
€

Note that /; is well-defined and that A is the identity. Also, h1 H(x,1,r) = H(x,0,r) =
(x,0,7) so hy takes h (X x {0} x I) to X x {0} x I.Leth’ = h o hy so that i’ is isotopic
tohand '~ 1(X x {0} x I) = X x {0} x . Define j : X x I x I — X x S! x I identifying
X x {0} x I to X x {1} x I. Consider the function f : X x I x I — X x I x [ defined by

hoj(x,s,t) if0<s <1,

flx,s,t)=17 (x,0,0) ifs =0,
(x,1,0) ifs =1.
Then f is a pseudoisotopy in P(X x I) with i (f) = h’, which is isotopic to A. O
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4 The basic construction
Let h € P(XxSY). Lift & to the infinite cyclic cover:

XxRxI # XxRxI —2 5 R

s s Joo

XxS'xl —" s xx§'x1 —2 §!
where E(x, s, t) = (x, exp(s), t) and m, denotes projection onto the second factor.
Let Y = h~1(X x{0}xI). After an isotopy, we can assume that:
Y € Xx(0, N)yxI forsome N € N.
The pseudoisotopy h induces a diffeomorphism:
h:YXR— XxRxI,

such that
(1) hyx{op =7,
2) ! | x xRx {0} is bounded over R isotopic to idx xrx{0}-

Let ¢ : XxRxI — XxRxI be the covering transformation corresponding to translation
by +1 on R. Denote X; = X x{i}x [ and ¥; = Y x{i}, fori € R.

h(Yo) h(Y1) h(Yy)

1T

Xo X, Xy

Also, let

Ay = XX[N, 00)xI — h(Y x(N, 00))
A% = Xx[1, 00)xI — h(Y x(N, 00))
Al = Xx[1,00)xT —h(Yx(1,00))

Lemma 4.1 Using the above notation:
(1) There is an isotopy
ar: Ay — Al
from the identity to a diffeomorphism
ap: Ay — Ay.
(2) There is an isotopy
a; : A, — Al
from the identity to a diffeomorphism

ai:AX]—)A].
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Proof For (1), choose ¢ > 0 such that Xx[N, N + ¢]xI C Ay and define an isotopy
a; : AY, — Al fort € [0, 1] by

N+e—r .
x,(l—-tr+t|N+e————¢|,s), ifl<r<N+e¢
N+e—1

(x,r,8), ifr >N +e.

al(-xvrvs) =

Note that ag(x, ¢, s) = (x, r,s) forall (x,r,s) € A;(,. Also,
ax,N+e,s)=x,A1—-0)(N+e)+t(N+ec—-0),s)=(x,N+eg,s).
So a; is well-defined. Forr =1,
ar(x,1,s) = (x, N, s).

Butforl <r <N +¢,

N+e—r
N<N+eg———<N+e.
N+e—1
Thus a; is a diffeomorphism from A%, to Ay which is isotopic to the identity.
For (2), choose ¢’ > 0 such that (Y x[1 —¢’, 1]) C A; and define an isotopy a; : A}, —
Al forr € [0, 1] by

~ —1
h(y,(l—s)r+t[1—e+;_7l++gge}), ifr<1—¢

h(y,r), ifr<1—¢.

at’l;(y,r) =

Note that a(/)fz(y, r) = fz(y, r) for all (y, r). Also,
ah(y,1—e)=h(y,(1 —0)(1 —e)+1(1 —e+0)) = h(y,1 —¢).
Thus, a; is well-defined. For r = 1,
aih(y, N) = h(y, 1).

Butforl —e <r <N,

—1
l—e<loe+ ooy
k—1+¢
Thus a is a diffeomorphism from A’ to A which is isotopic to the identity. O

Corollary 4.2 With the above notation, there is a diffeomorphism
a:Ay — Aj
isotopic to the identity.
Proof Seta = aja; ! The result follows from Lemma 4.1. O
Using the above construction, we get the following:

Proposition 4.3 There are two homomorphisms

nr o PXxSH — PXxSH.
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so that for any h € P(XxSh),

(1) rh) e R(XxSY, and
(2) r(h) = h(nh)~

Moreover; if h € R(XxSH, n(h) =0and r(h) = h.
Proof Define
X = Xx[0, N1xI/(x,0,s) ~ (x, N, s)
and a diffeomorphism:
fi:X > XxS'x1I, fi(x,r,s) = E(x,r/N,s).
Similarly, define Y = Y %[0, N] /(¥,0) ~ (y, N) and a diffeomorphism:
Y — Xx8'x1, H(y,s) = Efz(y,s/N).
Also, define a diffeomorphism H : ¥ — X by

h(y.s), if h(y,s) € Xx[0, NIxI,

H(y,s) = [;*%zfz(y,S), if h(y,s) € Ay.
On ¥ x{0} ~ ¥ x{N},

H(y,0) = h(y,0) A A
H(y,N) = ¢ ah(y, N) = ¢ tah(y, 1) = h(y,0)
On X x{0}xI ~ Xx{N}xI,if h(y,s) = (x, N, 1) then

(x,N,1), it h(y,s) € Xx[0, N1x1,

H(yvs)=[ —1 —1 -
¢ la(x,N,t) =¢ " (x,1,1) = (x,0,1), ifh(y,s) € An.

Thus H is well-defined.
Consider the map
fHfE X xS')T — XxS'xT
defined by the composition:

Xxs'sxt 27 5 X D xes'«r

There is an isotopy from f} Hfz_1 toamap f’ such that f'[y, g1, = idy g1 x(o}- Define
nth) = f' € P(X xS"). We must show that n(h) is well-defined.

Claim 1: n(h) is independent of the choice of N. If N’ were chosen rather than N, without
loss of generality we may assume that N’ > N.Let Ny = (1 —s)N +sN’,0 < s < 1. Let

An, = Xx[Ny, 00)xI — h(Y x (N, 00))
A% = Xx[1,00)xI — h(Y x(Ny. 0))

For each s € I, choose g5 > 0 so that X x[Ng, Ny + &,]xI C Ay, and let & = minsc{es}.
As above, define isotopies

S oAl " s _ i3 s .oan =
at.ANS—>ANS, aO_ldA[(/:’ al.ANS—>ANJ.
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Similarly choose &’ > 0 such that h(Yx[1 —¢',1]) € A, and define isotopies

s . oAl 7 I s oan =
a, .ANS—> Ny aO_ldA;(lS’ a .ANX—>A1.

Let o’ = a/ls(af)’l. Define X, = Xx[0, Ny]x1/(x,0,1) ~ (x, Ny, t) and a diffeomor-
phism:

Xy — XxStxI.
Define Y = ¥ x[0, N;1/(y, 0) ~ (y, Ny) and a diffeomorphism:

Vs — XxStxlI.
Also define a diffeomorphism Hy : Y — X by

h(y,s), if Ai(y,s) € Xx[0, Ny]x1,

Hr(y’ S): ‘é‘_lasl’;(y,SL lffl(y”’) EANS'

Then f Hs(f; )~! defines an isotopy from the n(h) as defined for N to the n(h) as defined
for N'.

Claim 2: n(h) is independent of the choice of h. If i’ were chosen, rather than /, note that
h = ;rﬁ for some r € Z. Thus Yz/v = Y,4+n and independence follows as above.

Claim 3: If h is relaxed, then n(h) is trivial. If h is relaxed, then after possibly an isotopy,

(Y x{0}) € X x(0, 1)x1

Thus Ay = A}, = Ajanda = 1. Note X = XxS!'xI and fi = idy,g1,;. Also,
Y =Y x][0,1] / ~ and the two ends are identified using the identity. Furthermore,

fz(y,s), ifl;(y, s) € Xx[0, 1]x1
¢ Vh(y,s), ifh(y,s) € A

Thus n(h) = fiHf, =idy, g1 -
Define r(h) = h(n(h))~!, which is well-defined by the arguments above. Note that

r(h) "N (X x{0}x 1) N (Xx{0}x1) =

H(y,S)Z[

and therefore r (h) is relaxed. Furthermore, if / is relaxed, then since n(h) is trivial, it follows
that (k) is isotopic to &. From [31], the maps n and r are homomorphisms. O

Remark 4.4

(1) Note that n(h) essentially measures the difference between the initial pseudoisotopy
h and the transfer of & that does not wrap around the circle completely (compare with
Remark 8.2).

(2) The construction of r corresponds to the twist-gluing construction given in [23,35].

Let N'P(X) be the image of n. The following is an immediate consequence of Proposition
4.3:

Theorem 4.5 Let X be a closed finite-dimensional smooth manifold.

(1) The inclusion map (forget-control map)
¢ RP(XxSYH) — P(XxSh

is a split injection with left inverse r.
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(2) There is an isomorphism of abelian groups:

P(XxShH 5 RP(XxSY + NP(X).

5 The transfer map and relaxation

Let ¢ € Nand x¢ : S' — §! denote the ¢-fold transfer map. Consider the pull-back:

E(h
XxSIxl 2 M, xxsixg — 2, gl

lxixll 1><l><1l J,XZ

XxS'xl —" s Xx§'xl -2 g
We wish to show that the transfer map commutes with relaxation.
Proposition 5.1 Let X be a closed manifold.

(1)  The transfer map commutes with the relaxation map:
trtor = rotrz, forall ¢ eN.
(2) Givenh € P(XxSY), thereisan N € N such that tr*(h) € RP(XxS"), forallk > N.

Proof Asabove,letY = fz’l(X x {0} x I), with diffeomorphismfz Y XR—> XxRx I,
Xi=Xx{}xI CXxRxI,Y; = fz(Y x {i}), and ¢ denotes the covering transformation
of the infinite cyclic cover. Let N € N so that Yy C (X x (0, N) x I). To define r(trt(h)),
set

Ay = Xx[EN, 00)xI — h(Y X (EN, 00))

Al = Xx[l, 00)xT — h(Yx(£N, 00))

Ay = Xx[t, 00)xI — h(Y (¢, 0))

Yo Yn Yoy
X() Xl XQ XN X2N

As above, we can construct a diffeomorphisma’ : Agy — Ay isotopic to the identity. Set
X = Xx[0,¢NIx1/(x,0,t) ~ (x, N, 1)
Y = yx[o0, ¢N]/(x,0) ~ (x,£N).

Again, we have diffeomorphisms:

XxS'xI

f:X
Y XxSix1

s

AR
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Define a diffeomorphism H' : Y > X by

fz(y,s), iffz(y,s)eXx[O,EN]xI,

H(y.s) = ) K
. 9) {;‘Za’h(y,s), ifh(y,s) € Auy.

Then r(tr¢(h)) is defined by:

rert(h) = hfs(HY V(D™ n@rth)) = f[iH' ()7

Next, consider tr¢(r(h)). Let X, Y, fi, and f» be defined as in the construction of r(h).
We generalize the diffeomorphism a : Ay — A to construct diffeomorphisms a; =
gG=DNgr=G=DN . A;n — Ajy_1)11. Then, define H : Y — X by

fl(y,s), iffl(y,s) e Xx[0, NIxI
eV tah(y, 5)), if h(y,s) € Ay
h(y, s), if A(y,s) € (XX[N,2N]xI) — Ay
H(y,s) = 1N azh(y, 5)), if h(y, s) € Aoy
h(y, s), if i(y,s) € (XX[(£ — )N, ENTxI) — Aq_1)§
¢CONGE T agh(y, s)),  if Ay, s) € Ay

Then the following diagrams commute:

y -~ 2.% Y/L XxS!xI ?/L XxStxI
lx( llexl lxé l]x[xl lx(i llx[xl
v H v - h 1 - f2 1

Y — X, X —— XxS§'xI, Yy —— XxS§'xI,

Thus, we have

( /)—1 _ — . i
) X xSt xl 2y o x N xesiag
JIXZXI lxi lx(i JVIXZXI
71 _ o
ry X xStxl Py o x U xusixl

Since the map a is isotopic to the identity, it follows that H and H’ are isotopic, so for any
L eN,

trt(r(h)) = rtrt(h)).

For N € N chosen so that ¥ C (X x [0, N] x 1), it is clear that tr" () is relaxed. Thus,
forany k > N, trk (h) is also relaxed. O

Recall from Theorem 4.5 that every element of P(X xS 1) is the sum of a relaxed element
and an element from NP (X). Thus we have the following.

Corollary 5.2 Let X be a closed manifold.
(1) Givenh € NP(X), there isan N € N such that t'* (h) = Oforallk > N.
(2) (RPXxSH NnNPX) ={0)}.

Remark 5.3 The result on transfers for the Whitehead groups is contained in [23] (also
[24,32], and [33] for a more algebraic approach). It states that the controlled part is pre-
served under the transfers and the Nil-parts vanish after finitely many transfers.
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Therefore we have the following result.

Theorem 5.4 Let X be a closed finite dimensional smooth manifold. Then
P(XxS") = RP(XxSHONP(X).
given by h = r(h) 4+ n(h). Furthermore
P(XxS") = PXxDOPH(XxR)SGNP(X).

6 A splitting of NP (X)

By [16], we know that N"P(X) ought to split into two dual components, corresponding to
the two ends of R. We give an explicit construction of this splitting, at the cost of crossing
with another /-factor.

ForO0 <t <1,let

A, = Xx[t,00)xI — h(Y x(t, 00))
Ao = X %[0, 00)xI — h(Y x (0, 0))
Al = X x[0, 00)x 1 — h(Y x(t, 50))

(%) h(Y;) hiyy) h(Y;)

h(Y,) n(y,) h(y) h(Y,)

Lemma 6.1 Let A = Ay x [/(z,0) ~ (ozflg‘(z), 1). There is a diffeomorphism o : A —
X x S'xI x I.

Proof We will first define a diffeomorphism o : Ag — A; isotopic to the identity on
X x R x I.Choose ¢ > 0 such that h(Y x [—¢,0]) C Ag and for T € [0, 1], define

t
+£(r+8))), if—e<r<0
£

a}(ft(y, ") = h (y, 1-T)yr+T (—8 +

fz(y,r), ifr < —e.

Note that a’. is well-defined, af, = id, and a}(Ag) = A}. Moreover, a} can be extended to
an isotopy on X x R x [ so that a(’) = id.
Choose ¢’ > Osothat X x [t,t+¢&'] x I C A; and for T € [0, 1] define

8/

t+¢
(x,r,5), ifr>t+¢.

(x,(l—T)r+T(t+ -r),s), fO<r<t+¢

af(x,r,s) =
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Again, a is well-defined, ao =id, anda (A}) = A,. Also, aT can be extended to an isotopy
on X x R x I so that ag =1id. Define oy : Ag > A; by oy = a1 al and note that og = id.
Let A= A9 x1/(z,0) ~ (al_lg“(z), 1) and define : A —> X x S! x I x I by

oy (z) —t )

7w () — w'h oy (z)

O[(Z, Z) = (Eat(z)v

Note that
7(z)

E
@ 7(z) —'h~ l(Z))
n'aloc] e —1 )

o(z,0) =

7'[0[10[1 Ye@) —n'h~ loajay e (2)

we(z) —
E¢(2), )
w(z) — n’h;(z)

7(z)
= E , T~ = ,0 .
( © n(z)—n/h(z)) @0

Since E(¢(z)) = E(2), 7(¢(2)) = n(z) + 1, and 7'h~'¢(z) = n'h~'(2) + 1, « is well-
defined.

If a(z, 1) = a(Z/, '), then Eq;(z) = Ea,(z') and so ay (z') = "o, (z) for some n € Z.
Furthermore,

a(al_lg“(z), D= (Eotlol1 £(2),

wo(z) —t wop(z) — 1t

ma(z) —'hla(z)  wap(z) — w'h e ()
o (z) — 1/
ey (z) — 7' h 1y (2)

wop(z) +n—1t

7o (z) +n—1'h oy (z) —n

mo(z) +n—1t

7o (z2) — w'h oy (2)

Thus n = ' —t. Since 0 < ¢,¢' < 1, it follows that either t = ' ort = 0 and ¢/ = 1.
If t = ¢/, then () = o(2') = ¢V (z) = w(z) andsoz = 7. Ift = 0 and ¢/ = 1,
then a1 (z) = Tap(z) = ¢(z) and so 7/ = a1£(z), so (Z/, 1) ~ (z, t) in A. In both cases, it
follows that « is a diffeomorphism. Note that & and A are not independent of the choice of
ﬁ, but if #’ were chosen instead then /#/ = {”ﬁ for some n € 7Z.

Also note that since for z € Ag, o;(z) lies in Ay, it follows that

wa(z) >t >n'h oy (2).

Thus,
0< o (z) - t <1
oy (z) — w'h~ ey (z)
This quantity is 0 when z € X x {0} x I anditis 1 when z € E(Y x {0}). ]

Points in A = Ay x I/ ~ are denoted ((x, r, s), t) where (x,r,s) € Ag C X xR x I.
Points in X x S'x 7 x I are denoted (x’, r', s', t').
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h(Y)

A XxS'%Ix1

A few simple computations verify that « takes the floor and ceiling of A, respectively to
the floor and ceiling of X x S' x I x I, as pictured above. Similarly, o takes the front and
back faces of A, respectively to the front and back faces of X x S' x I x I. Finally, consider
a point ((x, r, 5), 0) on the left face of A, which is to be glued to the right face. Then,

mag(x,r,s) —0 )
Tao(x, r,s) — t'h~ao(x, r, $)

w(x,r,s) )

T(x,r,s)— n/iz_l(x, r,S)

= (E(x, r,s), %)
r—a'h—(x,rs)

This is drawn below for 4 relaxed:

a((x,r,s),0) = (Eoco(x, r,s),

= (E(x,r,s),

X><S1><I><I

F 4
-7,

We can adapt the construction above after scaling to obtain a relaxed space. Let
1 -
Al = (1 x 5 X 1) [(Xx[t,oo) x I —h(Yx(Nz,oo))]
1 -
A0 = (1 X+ X 1) [(Xx10,00) x 1) = (¥ x(0, 00)) |

Al = (1 x % x 1) [(XX[O, 00) x I) — (Y x(Nt, oo))]
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As above, we construct isotopies @y and af on X x R x I so that aj, = a; = id, and
al(A% = A" and aj (A") = A"

Define o] : A — A’ by o] = ajaj. Define yo : Ag — A% by yo = (1 x % x 1) and
define y; : A, — Al by y, = oc;yoafl. Let A’ = A x I/(z,0) ~ (a’flg’(z), 1) where
= ylg'yofl.Deﬁneo/ A= X x S x I x1by

o (z,1) = (E“;(Z)» et )

o) (z) — 7'h='a)(z)

As above, ' is a diffeomorphism. Finally, note that y9 x I : Ag x I — A% x [ induces a
diffeomorphismy : A — A’.

Proposition 6.2 For h € P(XxS") there is an element ny(h) € P(XxSYxI) with the
Sfollowing properties:

(1) niy(h)|xxsixrxq1y is isotopic to n(h),

(2) ny(h) =1ifandonly if h is relaxed, and

(3) Forany h, there isa N € N so that n+(tr[(h)) = 1forallt > N.

Proof Definen(h): X x S' x I x I — X x S' xIx1by
ny(h) = o/yofl.
This is a diffeomorphism since «, @', and y are. Note that on (Y x R) N (X x R x {0}), h
is isotopic to the identity. After this isotopy, we have ny (h)(x, r,s,0) = (x, r, s, 0). Thus
n4 (h) is a pseudoisotopy. Tracing the image on X x S' x I x {1} shows that this is isotopic
to n(h) as defined previously.
If & happens to be relaxed, then we can choose N = 1. In this case, A’ = A; and o; = a;.
It follows that @ = o’ and y = id. Thus, ny (h) = 1 for h relaxed. From this, the comment
in the previous paragraph, and Proposition 4.3, it follows that n (k) is trivial if and only if
h is relaxed, which is true if and only if n(h) is trivial.
For X compact, there is a value of N € Z suchthat Y C X x [0, N] x I C X xR x I.
For any £ > N, the transfer map trt(h) is relaxed. Therefore, for anyh e P(X x S 1) there
isaN € Zsothatforall £ > N, ny (trf(h)) = 1. O

Consider the suspensionmap ¥ : P(X xS!) — P(X xS! xI)definedby T(f) = f x1;.
Extending the construction above to n4 (k) easily gives us the following result:

Corollary 6.3 Forh € P(X x SY), ni(ng(h)) = Z(ny(h)).

The construction of n (h) was based on the s-cobordism Ag = X x[0, co)x [ — fz(Yx
(0, 00)). We could have chosen to work with the inverse of this cobordism instead, to construct
a different (but dual) nilpotent pseudoisotopy:

Proposition 6.4 For h € P(XxS") there is an element n—_(h) € P(X xS' x I) such that

(1) n—(h)|xxsixrx(1) is isotopic to n(h),
(2) n_(h) = 1ifand only if h is relaxed, and
(3) Foranyh, there isa N € N so that ny (tr®(h)) = 1 forall £ > N.

Proof Let N € Nso h(Y x {0}) C (X x (0, N) x I) and let
B, = (X x (=00, 1] x I) — h(Y x (=00, =N +1))
By = (X x (—00,0] x I) — h(Y x (=00, —N))
B = (X x (—00,1] x I) — h(Y x (=00, —N))
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Choose ¢ > Osothat X x[—¢, 0]xI C Bpande’ > Osothath(Y x[-N+t, —N+t+¢']) C
B;. Define

t+e .
(x,(l—T)r+T(—8+ (r—i—s)),s), if —e<r<o0
£

(x,r,5), ifr < —e.

th(x, r,s) =

and
b h(y, )

ﬁ(y,<1—T)r+T(—N+z+

/

88,(r+N))), if —-N<r<-N+1t+¢

t+
ﬁ(y,r), ifr>—N+1t+¢.

As above, b6 = bl = id, these maps can be extended to isotopies on X x Rx/, and
b' (By) = B, and b'|(B,) = B;. Define B, isotopic to the identity on X x Rx I by p, = b\ b’
so B:(Bo) = B;. Define B = By x 1/(z,0) ~ (,Bflg(z), 1). As above, there is a diffeomor-
phism 8 : B — X x S' x I x I defined by

7hi(z) —t
pe.0 = (5460 761 (2) - n’ﬁlﬁz(z))
Let
B! =(1x ﬁ X D[(X x (—o0,t] x 1) —ﬁ(Y X (—o0, N(t — 1)))]
BY = (1 x + x D[(Xx(—00,0]x1I) — h(Y x(—00, —N))]

N
B" = (1x & x DI(X x (=00,1] x ) = h(Y x (=00, =N))]

Choose § > 0 so that (1 x % x 1)(X x [=8,01 x I) ¢ BYand 8 > 0 so that (1 x % X

DA(N@E —1), N(t — 1) +8']) C B’. Define

by (x,r,s)
1 t+4§ .
lxﬁxl x,1=-Ty+T\|-5+ 5 r+48),s), if —6<r=<0
- 1 .
(lx—xl)(x,r,s), ifr < —6.
N
and
iy 1 -
bT 1XNX1 (y,r))
Ix Ly h(y, (1 =T)r +T(N(t — 1) + s (r+N))
X — X , (1 =T)r — r ,
N Y N+NGi—1)+6
_ if —=N<r<Nt-1+¢
1 ~ .
(lxﬁxl)h(y,r), ifr>N@E—-1)+6.

Again, 56 = b_’g = id, these maps can be extended to isotopies on X x Rx I,andEtl(BO) =B"
and b_’tl(B/t) = B'. Define B, isotopic to the identity on X x RxI by B/ = l;’tll;’l so
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B/(B%) = B'. Define B’ = B\ x 1/(z,0) ~ (ﬂ’l_lg“’(z), 1). As above, there is a diffeomor-
phism 8’ : B = X x S' x I x I defined by

/ / 7B (z) —t
9 = E ’ h
B'(z. 1) ( P (2) 7Bl (2) —n/hlﬁ{(Z))

Define y : By — B by y{ = (1 x % x 1) and then define y; : B, — B' by y/ = BlyB: "
As above, y; x 1 extends to a diffeomorphism y’ : B — B’.
Finally, define the pseudoisotopy

n_(h)y =By B XxS'xIxI—>XxS xIxI

As above for ny (h), n—(h)|x 51« 1x {0y 1S isotopic to the identity and n— (h)[x . 5151} 1S
isotopic to n(h). If h is relaxed, n_(h) is trivial and so there exists N € Z so that for all
> N,n_(trt(h)) = 1. O

Remark 6.5 Notice that the construction of the maps n4 is related to the classical construc-
tion of the classical projections to the Nil-groups [3,23,24,27,28,32,33]. The construction of
ny looks at the ‘restriction’ of the pseudoisotopy to the positive end and it uses the analogue
of mapping tori for the definition. The definition of n_ is similar but it uses the restriction to
the negative end instead.

In general, for f € P(Z x I) with f|zxxq0y = 1 and f|zx(ijx; = 1 fori =0, 1, let
f1 = flzxixqy and note that f; € P(Z). The suspension map

T P(Z) — P(Zx])

is defined as follows. The suspension of g € P(Z) is definedtobe Xg =g x 1 € P(Z x I)
after an isotopy sothat Xg = lon Z x {0, 1} x I.Let ¢ : Z x I x I — Z x I x I be
defined by

vz, s,t) = (z,5,1 —1).

This involution defines the conjugate of f € P(Z x I) as
F=UT" < Dyfy e PZx 1)
Recall Hatcher, Wagoner, and Igusa’s identification [14,15,29,30]
P(Z) = Wha(m1(2)) @ Whi(m1(2Z) : Zy x m2(2Z)),
if dim > 7. Note that in this setting, [ f] = (—1)"[f]
Lemma 6.6 For f € P(Z x I),
[2fil = L1+ Lf].

Proof The argument is modified from Lemma 5.3 of Part IT of [ 15]. Define another involution
¢:ZxIxI—>ZxIxIby

¢)(Z7 s, l) = (Z! 1 -3, t)
Define f = ¢1/f(fl_] x 1) f¥r¢. Note that f € P(Z x1I)and fisisotopic to (fl_1 x1)f =
( ffl) o f by a rotation in / x I. Also note that f differs from f by the involution ¢.
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Since ¢ induces the identity on m,(Z), it also induces the identity on P(Z x I) in the
Hatcher—Wagoner—Igusa setting. Therefore, in this setting,

[f1=0F1=(=D"If]
and thus

(S =1A1= 11— [f1 = [f1+ D" 7L

Corollary 6.7 In the Hatcher-Wagoner—Igusa setting, for any h € P(X x S1),
[S(n(h)] = [n(W)] = [ny-(W] + (=" [y (W),  and

[Z((h)] = [n(W)] = [n—()] + (=" ' [n_()].
Proposition 6.8 Forany h € P(X x SY, n_(h) o ny (h) is trivial.

Proof Define
BxA=BUA/X x {0} x I.

Note that for (x,0,5) € X x {0} x I, ] '¢(x,0,5) = (x,0,5) = B, '¢(x,0,5),50 B x A
is well-defined. Recall that 8 : B — X X SV x I x Itakes (X x {0} x I) x I C By x I
to X x S! xIx{O}andﬁ(Yx{—N})xI C By xItoX xS"x I x{1}. Define
B:B— XxS'xIxIbyB=1op.

We define a diffeomorphism S o : B A — X x S' x I x I (with a rescaling in the
last I factor by %):

1 _
(x,r,u,s, E) ifz € Band B(z) = (x,r,s,1)

t+1
X, ru,s,

Since B and « agree on (X x {0} x I) x I C B U A, B % «a is well-defined. Note that By
and Ay are inverse cobordisms so there is a diffeomorphism of By U Ag/(X x {0} x I) to
X x I x I.This induces a diffeomorphism

Bra(z) =

) ifze Aand a(z) = (x,r,5,1).

F:XxS'xIxI— BxA.

Then (B*a)F : X x S' x I x I — X x S' x I x I is a diffeomorphism that is the identity
on X x S' x I x {0} and is isotopic to a rotation by 27N on X x S! x I x {1}.

We define B’ * A’ and a diffeomorphism 8’ o’ : B’ %« A’ — X x S! x I x I similarly.
Note that again there is a diffeomorphism F’ : X x S! x I x I — B’ % A’. Then

B xa)VF X xS'xIxI—>XxS'xIxI

is a diffeomorphism that is the identity on X x S! x I x {0} and is isotopic to a rotation by
2ronX x §! x I x {1}.
Finally, define y’ xy : Bx A — B’ x A’ by

= _ y'(z), ifzeB
y*y(Z)_[wz), ifze A
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Since y/(x,0,y,5) = (Ix & x I x 1)(x,0,y,5) = y(x,0, y, ),y *y is also well-defined.
We can then define n_(h) s ny(h) : X x S' x I x I — X x S! x I x I by

n_(h) xni(h) = (B o)y xy)(Bxa)~".

Note that for pseudoisotopies the product * thus defined is isotopic to composition by [15].
Furthermore,

1
n_(h)*n+(h)=F/o(1xﬁxlxlxl)oF_].

Thus, for any h € P(X x SH, n_(h) = ny (h) is trivial and so

ny(h) = —n_(h) e P(X x S' x I.

m}

Thus, in the Hatcher—Wagoner—Igusa setting, we have a duality formula for our nilpotent
pseudoisotopies:

[ny ()] = (=1)" " Tn_(R)].
Proposition 6.9 SNP(X) = Ny P(X)SN_P(X).
Proof Consider the commutative diagram below, where

d(ni(h), n—_(h)) = [ny-(W]+ (=1)" " ny (W] = [Z(n(h))]
= [n_(M]+ (=) n_(h)]:

NEP(X)XN_P(X)

d

PX x §1) — > SNP(X)

If h € Pp(X x SY) so that Tn(h) is trivial, then n(h) must also be trivial and thus 7 is
relaxed. Then ny (h) and n_ (h) are both isotopic to the identity so the map d is an injection.
Let g € SNP(X). Then

g € Ker(r : P(X x S') - RP(X x §1)).

so r(g) is trivial. Therefore, g is isotopic to n(g) = d(ny(g), n—(g)). Thus, d is a bijection.
Since n(g) is trivial if and only if n (g) is trivial if and only if n_(g) is trivial, TN P(X)
splits as the direct sum N, P(X)DN_P(X). O

Summarizing, if P denotes the group of stable pseudoisotopies.

Theorem 6.10 For X a finite dimensional smooth manifold and dim(X) > 7, there is a
splitting of groups

P(XxS') = P(X)®Pp(XBR)ON;P(X)DN_P(X).
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7 Pseudoisotopies and embeddings

We can identity the pseudoisotopy Nil-groups to sets of embeddings as in [6]. First, consider
the set

Emb(X x I, X x S! xI)={g: XxI— XxS'x1I: g is an embedding}/ =
where the equivalence relation is given by isotopy. More precisely, two embeddings
gi:X><I—>X><S]><I, i=0,1,
are equivalent if there is an embedding
G:XxIxI—XxS xI

such that G|xx7x{0) = go and G|xxrx(1} = g1. We define g € Emb(X x I, X x S'xDto
be relaxed if

g(XxDHNXx{0}xI =@,

after perhaps an isotopy.
For any such embedding, lift g to get an embedding to the infinite cyclic cover:

XxRxI1
/ \L
g
XxI—=>=XxS8xI
Let ¢ denote the deck transformation on X x R x I and denote by

cEmb(X x I, X x S' x I) =
{geEmb(X xI,X x S!x I): there is a diffeomorphism
g:’lXXRXI—)XXRX[,g|x><{0}><]:g,{o§:§o§'},

again defined up to isotopy. Equivalently, the embeddings in this subset of Emb(X x I, X x
S! x I) are those which form an h-cobordism between X x {O}xTandg(X xI)in X xRxI.
The transfer map in the S!-direction induces a transfer map:

' cEmb(X x I, X x S' x I) = cEmb(X x I, X x S' x I)

It is the lift of the embedding:

X xS x1I
= |
Xs
XxI—>xxsx1I
We define a projection map
P iPy(X x SY) = cEmb(X x I, X x S' x I), by p(h) = hlxx0)x1

so p(h) is the restriction of the pseudoisotopy / to a single fiber. Note that p () is the identity
on X x {0} x {0} and the region A C X x R x [ between X x {0} x [ and p(h)(X x I)is
a h-cobordism.
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Proposition 7.1 For g, g' € cEmb(X x I, X x S' x I, let
d~ge=gdXxDCXxS'xI)—g(X x1I).
Then “~"” is an equivalence relation.

Proof Letg, g’ € cEmb(X x [, X x S' x I).If (X x I) € (X x S' x I) —g(X x I),
then g(X x I) € (X x St x1)— g'(X x I) so the relation is symmetric. We can use a
small isotopy on a collar neighborhood of g(X x I) to push g(X x I off itself to see that
the relation is reflexive.

To see that the relation is transitive, consider embeddings g ~ f and f ~ h. Then

f(Xx1):f(X><{0}x1)§(XxSl xI)—g(XxI)=g(X x(0,1)xI).
Thus there is an € with 0 < € < 1 so that:
f(X x [0,€) x I) € g(X x (0,1) x I).

If h ~ f,then (X x {0} x I) € f(X x (0,1) x I). Then there is a § with 0 < § < 1 so
that fz(X x {0} x I) C f(X x (0, 8) x I). Note that there is an isotopy of the identity on
X x 8! x I taking X x (0,8) x I to X x (0, €) x 1. Composing h with this isotopy to get
h', we have

(X x {0} x 1) C f(X x(0,€) xI) C g(X x(0,1) x I)
andsoh =h"~ g. O
Let

i XxI—XxS'xI, i(x,t)=(x,0,1)
be the inclusion map.
Corollary 7.2 Let g € cEmb(X x I, X x S' x I). Then g ~ i if and only if g is relaxed.
Proof Note that g ~ i, if and only if

gXxDCXxO1)xICXxS" xI.
The result follows from the definitions. O

Let CEmb(X x I, X x S! x I) denote the subset cEmb(X x I, X x S! x I) modulo this
equivalence relation. The transfer map on cEmb(X x I, X x S' x I induces a transfer map
on CEmb(X x I, X x §' x I), denoted by tr’.

Corollary 7.3 Let g € CEmb(X x I, X x S' x I). Then there is an N € N such that
trt(g) ~ i for all € > N. Thus tr*(g) is relaxed, for all £ > N.

Proof Let g € CEmb(X x I, X x S' x I). The compactness of X x I implies that there is
N € N, such that

X XICXx[O,N]xI CXxRxI.
Thus, trf (g) ~iforany £ > N. O
Theorem 7.4 For X a closed smooth manifold, we can identify CEmb(X x I, X x S x I)
with NP(X) C Pp(X x Sb.
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Proof Forg € CEmb(X x I, X X S x 1), we define n’(g) using g as for n(h) forh € P(X x
S1) by Proposition 4.3. Note that n(g) will not in general be a pseudoisotopy unless g| X x{0}
is the inclusion. It will, however, be a concordance, i.e., n’(g) : X x SIxT = XxSx1
will be a diffeomorphism. We thus define n(g) = (go x 1)‘1n’(g) € P(X x I) to geta map

n:CEmb(X x I, X x S' x I) > NP(X) C P(X x Sh).

We claim that n is well-defined. Let f* ~ ¢ and consider n(f yn(g)~" which is the element
of N'P(X) defined by means of fg~!. Since f ~ g,

FX x {0} xI)Cg(X x(0,1)x1) =
X {0} x DS X x(0,1) x ) =
FE X x {0} x 1) C X x(0,1) x I.

Therefore fg—l isin RP(X x S') and so the corresponding element n(fg™") e NP(X)is
isotopic to 1y, ¢1 7. Thus n(f) is isotopic to n(g) and the map n is well-defined.

We further claim that the maps p and n~! are inverses and so A"P(X) may be identified
with CEmb(X x I, X x S' x I).Forg € CEmb(X x I, X x S' x I,

p(n()™") =n() xxoyx1-
By the construction of n(g), note that
X x {0}y x 1) Sn(e) "(X x (0, 1) x D).

Thus p(n(g)~") ~ ginCEMbB(X x I, X x S' x I). Next, consider h € Nil(X) C P(X x S1).
Since r(h) = h on(h) must be trivial, £ is isotopic to n(h)~!. Note that n(h)~! is defined by
means of i while n~1(p(h)) is defined by };|X><{O}><1- These agree on each X x {i} x I, so h
and ﬁIXX{o}XI give the same equivalence class in CEmb(X x I, X x S!x I). Thusn~! (p(h))
is isotopic to /. Therefore, p and n are inverses, so CEmb(X x I, X x S' x I) = N'P(X).O

Remark 7.5 There is not an obvious geometric construction of a group operation on CEmb
(X x I, X x S' x I). That is why the above correspondence is just a bijection.

8 Pseudoisotopies in Top
Let X be a closed topological manifold. We recall a basic definition from [25]. Let B any
space and
pi:Ei—> B, i=0,1,
be two maps. A controlled map from pg to pj is a map
g: Eox[0,1) — E;x[0,1)
such that

(1) g is fiber preserving over [0, 1).
(2) Themap g : Egx[0, 1] - E;x][0, 1] defined by

- _ | pi(pn(gle, 1)), 0=<r1 <1,
sle.n) = [ pote), 1=1.

is continuous where pr is the projection of E; x [0, 1) onto Ej.
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We write g€ : Eg — E|. Now we apply this definition to pseudoisotopies. Let X be a finite
dimensional manifold equipped with amap p : X — B. A controlled pseudoisotopy over B
is a controlled map from the identity to the projection map to B

he: XxI — XxI

such that the restriction /| X x {0} x[0, 1) is the identity.

There is an alternate definition in [20]. The two definitions are equivalent when the base
space B is a compact metric space [25]. This will be the definition that we will use in the rest
of this paper. Fore > Qandacontrolmap p : X — B, ag-pseudoisotopy is a diffeomorphism

h:XxI — XxI
such that

(1) K| X x{0} is the identity.
(2) d(pmh, prr) < &, where 7 is the projection to X.

A controlled pseudoisotopy is a diffeomorphism
h: XxIx[0,00) > XxIx][0, 00)
such that

(1)  h|Xx{0}x[0, co) is the identity.
(2)  There is an decreasing sequence {g; }7°, of positive real numbers converging to 0 (the

controlling sequence of h) such that for eachi > 0,
h|: XxIx{u} — XxIx{u}
is a g;-pseudoisotopy whenever u > i.

We write PeP (X — B) for the subgroup of controlled pseudoisotopies.
The following sequence is split exact:

0 — POPX x I) 5> PP(X x 8T — §1) 5 PPX x R!) — 0.

This result is from [25], Sect. 1.5 (also [4,6]) for finite dimensional manifolds.
Using Lemma 3.1, we compare the relaxed and the controlled pseudoisotopy groups.

Proposition 8.1 There is an isomorphism
p:PP(X x S > S - RPOP(X xS).

Proof Leth; : X x 81 x I — X x §' x I,0 <t < 0o, be a controlled pseudoisotopy over
S!. Let 7> denote the projection to S'. Let {e; }72, be the controlling sequence. Since {g;}7°
converges to 0, thereisan g; < i. Then h, satisfies:

d(mahy,(x,5,1),5) <gj < %, forall u > j.
Fix u > j. The claim is that &, is relaxed. To see this, notice that
hy (X x{1}xI) C Xx(—¢j,e;)xI.
Define an isotopy

g,:XxS1 xI— X xS! x 1, byg(x,s,t)=(x,s+2¢r1).
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Then ggoh, = h, and
g1(h, (X x {0} x I)) C Xx(gj,3e;)x1.

Thus g1 (h, (X x {0} x I) N (X x {0} x I) = (@ and h,, is relaxed. Define p(h;) = hy. It
is immediate from the construction that any two choices of u give isotopic images. Also, p
does not depend on the isotopy class of ;.

Also, it is clear that the following diagram commutes:

0 — POP(XxT) LN PP (X xS — S LN P;OP(XXR) — 0

lid lp lid
0 —— POR(Xx]) —— RPP(XxS) — T PIP(XxR) — 0

Then the result follows from the five lemma. ]

Remark 8.2

(1) The Squeezing Lemma or Sucking Principle implies that there is a number ¢ > 0 so
that if pseudoisotopies (or fibrations, or homotopy equivalences) are e-controlled and
the control map has good local properties (being a bundle or just an approximate fibra-
tion) then the pseudoisotopy is controlled. There is a theme that appears in problems
‘over the circle’. In this case, the number ¢ seems to be equal to 27, in other words
the length of the circumference. In other words, if the map to S! does nor wrap around
the circle completely, then the pseudoisotopy is controlled over S'. The proof should
follow by pushing the pseudoisotopy to transverse shorter and shorter arcs. With that
in mind, a relaxed pseudoisotopy is controlled because it does not wrap around S'. We
could make these remarks precise and that is why the proof of Proposition 8.1 uses the
splittings of the controlled and the relaxed pseudoisotopy groups.

(2) If we combine the result of Proposition 5.1, Part (2), with Proposition 8.1 we get
the Sucking or Squeezing Principle for the pseudoisotopy groups. More precisely, it
states that given h € PP (X xS by wf(h) is ‘more controlled’ in the S!-direction
than &. For large enough ¢, the Sucking Principle implies that tr () is controlled, i.e.,
trl (h) € PP (XxS! — sh).

Using Theorem 5.4 and Proposition 8.1 we get the following.

Theorem 8.3 Let X be a closed finite dimensional topological manifold. Then
PlP(X xS = RPP(XxSHONP(X) = PP (XxS' - SHBNP(X)
given by h = ¢ (r(h)) + n(h). Furthermore
POP(X xS = PPX x @GP, (X xR)BNP(X).
The constructions in Sect. 6 work for both the smooth and the topological category.

Theorem 8.4 For X a finite dimensional topological manifold and dim(X) greater than or
equal to the stable range for topological manifolds [5], there is a splitting of groups

PP (X x S1) = PP (X) x Py P (X X R) X N PP (X) x N_P'P(X).
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